ENTROPY BOUNDARY LAYERS 



FRANCK SUEUR 

Abstract. We consider the Euler system of compressible and entropic gaz dynamics in a 
bounded open domain of R** with wall boundary condition. We prove the existence and the 
stability of families of solutions which correspond to a ground state plus a large entropy 
boundary layer. The ground state is a solution of the Euler system which satisfies some 
explicit additional conditions on the boundary. These conditions are used in a reduction 
of the system. We construct BKW expansions at all order. The profile problems are linear 
thanks to a transparency property. We prove the stability of these expansions by proving 
£-conormal estimates for a characteristic boundary value problem. 



1. Introduction 

We consider the Euler system of compressible and entropic gaz dynamics. We 

respectively denote by s, v and p the entropy, the speed and the pressure. The volumic 
density, noted p , is a function of p and s. We assume that /9(p, s) > for all p and s. We 
also introduce the function a(p, s) := (/9(p, s))~^ Pp(p, s). We assume that a(p, s) > for 
all p and s. We denote by t the time variable and by a; = {xi,...,Xd) the space variable. 
We denote by V the gradient with respect to x. The Euler system is: 

Xv V + p^^ Vp = 0, Xv p + div v = Xv s = 0, 

where Xv is the particle derivative Xv := dt+v.'V. The previous system is a nonconservative 
form of a system of conservation laws. Moreover, this system is hyperbolic symmetrizable. 
It has three characteristic fields. One of them is linearly degenerate (cf. section^. We 
consider these equations in a bounded open domain C M'^ lying on one side of its C°° 
boundary T. More precisely, since we will need an equation of the boundary F, we fix 
once for all a function ip G C°°(R'^,M) and we assume that ft = {ip > 0}, T = {(/? = 0} 
and |V(/?(x)| = 1 in an open neighborhood Vp of F^. We consider the natural boundary 
condition v.n = 0, where n is the unit outward normal to T. For T > 0, the boundary 
value problem reads: 



(1) 



Xv V + p-^ Vp = 

XvP + a"Mivv = } where (t, x) £ {0,T) X n 
XvS = 

v.n = where (t, x) G (0, T) x F 



The boundary F is characteristic for the linearly degenerate field. We introduce the tan- 
gential velocity vt and the normal velocity v^,. Thus, we have v = vt + v^. The choice of 
the set of thermodynamic variables v, p and s is particularly well adapted to boundary 
problem (cf. |32])- The existence of local regular solutions of is given in |29j and 
PTj . If O is an open subset of M'^, we denote by H°°{0) the set of u G L'^{0) such that all 
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the derivatives of u are in L^{0). From now on, we will assume that a real Tq > and a 
solution := (v°,p°,s°) e H°°{{0,To) x Q) of ^ are given. 

An interesting question about the Euler system is the study of the convergence of a 
more acute model: the Navier-Stokes system, which includes a viscosity term, when the 
amplitude of the viscosity goes to 0. The difficulty is linked to the existence of a boundary 
layer i.e. of a rapid variation of the solutions of the viscous model near the boundary. 
There is a sensitivity on the type of boundary conditions imposed for the viscous model. 
The most delicate is the homogeneous Dirichlet condition. In this case, there are in general 
some large characteristic boundary layers of large amplitude^. In one space dimension, 
a simple case is the isentropic one since there is no boundary layer and the solutions of 
the Navier-Stokes system are regular perturbations of the solutions of the Euler system. 
For the entropic Navier-Stokes equations, an answer was given by F.Rousset in j25j using 
boundary layers analysis. In several space dimensions, the analysis is quite more complicated 
even for the incompressible Navier-Stokes equations. There is a huge literature about the 
tangential velocity boundary layers which appear (see, for example, the papers of Z.Xin 
and T.Yanagisawa |H3], M.Sammartino and R.E.Caffisch j^HI) EZI) E.Grenier [S],...). An 
attempt of analysis involves Prandtl equations (see the surveys of W.E [3] and E.Grenier 

my 

Here we do not consider the Navier-Stokes equations but only the Euler system. The idea 
to investigate first the stability of boundary layers type solutions for the Euler equations is 
a classical approach in fluid mechanics (see the books of P.G.Dranzin and W.H.Reid |^, of 
C.Marchioro and M.Pulvirenti S.Schochet |28j . This idea was followed more recently 
by E.Grenier for the study of velocity boundary layers [Hj, [H]- Such a strategy is also 
possible for entropy boundary layers since they are characteristic, like the velocity ones. 
Thus our goal in this paper is to study entropy boundary layers for the Euler system. 
As far as we know there was no mathematical study of entropy boundary layer in several 
space dimensions. 



2. Overview of the results 

We introduce the space Af{T) := H°°{{0,T) x J7,5(M+) where we denote by 5(M+) the 
Schwartz space of C°° rapidly decreasing functions. Thus a function U{t,x,X) S M{T) 
is C°° rapidly decreasing with respect to X. Let us begin to look naively for solutions 

:= (v'^,p*', s'^)o<e^i of (P) with of the form 

(2) s'{t,x) :=s\t,x)+S^{t,x,^) 

where the function s" is in AA(To) and the function := (v'^, p'', s'^) is the ground state 
given above. Replacing in the third equation of the system leads to the following linear 
transport equation that necessarily the function s'^ verifies: 

(3) {dt + v^.V + —\.Xdx)S° = where (i, X, X) G (0, To) X X M+. 



For other boundary conditions the amplitude of the boundary layers can be weaker or the boundary 
layers can be noncharacteristic. Then the problem is simpler (see [3], |32|. |33p. 
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Thanks to the boundary condition (see ©), the function ^^/ip{x) is C°°'^. In general 
these necessary conditions are not sufficient to insure that the functions (v'', p'', s^)o<e^i 
are solutions of (0). Indeed, because the functions p and a depend on p and s, the two first 
equations of are not satisfied. However if in addition we assume that the ground state 
(v*^, p*^, s*^) satisfies 

(4) X^o v° = 0, div^. v° = 0, Vt,x p° = where (t, x) e (0, Tq) x Vt, 

then it is easy to check that the functions (v", p°, s^)o<e^i are solutions of (0). In section\^ 
we will prove the existence of ground states (v'^,p'^, s*^) G solutions of and verifying 
the conditions Q. 

Our goal is to relax the conditions Q) into conditions localized on the bound- 
ary r. In fact the conditions ^ were first introduced in a paper of C.Cheverry, O.Gues 
and G.Metivier ^ where the existence and the stability of large amplitude high frequency 
entropy waves are shown. Here we look for entropy boundary layers which are local singu- 
larities. It seems rather natural that local conditions are sufficient to deal with boundary 
layers. We reach our goal and claim the following theorem. 

Theorem 2.1. Assume that a solution u° := (v°,p°,s°) G i7°°((0, Tq) x fi) o/ Q verifying 

(5) X^o v° = and X^o p° = for {t, x) G (0, Tq) x T 

and a solution G J\f{TQ) of Q are given. For < e ^ 1, we denote by the function 
:= (v'^,p'^,s^) where is given by @. Then there exists a family of solutions (it^)o<£^i 
in H°°{{0,To) xn) o/ such that ¥ - u" tends to in H^{{Q,To) x 17) when e 0+." 

In fact Theorem 12.11 is a corollary of more acute results involving WKB (Wentzel- 
Kramers-Brillouin) expansions. We will prove the existence and stability of families 
of solutions (v'^,p^, s'^)o<e^i of the Euler system with a large amplitude entropy boundary 
layer i.e. of the form 

' vf (t, x) := v?(t, x) + e(Vt(t, x) + Vt(t, X, ^)) + 0(e2), 

v^(t, x) := vS(t, x) + eV„(t, x) + 0{e^), 

(6) < 

P^(t, x) := pO(t, x) + eP{t, x) + 0{e^), 

^ s^{t,x) :=s^(t,x) + S^{t,x,^) + 0{e), 

where := (v'', p'', s*^) is a solution of verifying the conditions ©. This analysis is 
inspired by T, where the propagation of large amplitude high frequency entropy waves is 
shown for ground states solutions of verifying the conditions (jlj (in the first equation 
of section 2.3 of read Vj^^P = instead of V^p = 0). In our analysis the condition on 
the particle derivative is localized on the boundary. Considering directly the Euler system, 
we use implicitly the general structure conditions of [T1. In particular, the choice of the set 
of thermodynamic variables v, p and s is a key point. 

An important feature of the expansion @ is that there are some boundary layers not only 
on the entropy but also on the other components, ponderated by some e. More accurately, 
boundary layer appears on tangential velocity with an amplitude £ whereas boundary layer 
appears on the normal velocity and the pressure with an amplitude e^. The conditions © 

•^Notice that for this transport equation, the boundary F x {0} of the domain x R+ is totally charac- 
teristic. As a consequence, none boundary condition needs to be prescribed for s". 
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on the ground state play a main role in the fact that the large boundary layer keeps polar- 
ized on the entropy. In section\^ we reduce the system, thanks to a change of unknown 
singular with respect to e. This reduction is inspired by The conditions © on the 
ground state will be used at this step. Because the localized conditions © are weaker than 
the conditions Q of PP, our reduction is much more delicate than in jLj. We now describe 
in more detail the rest of the contents of the paper. 



In section^ we look for formal WKB solutions of the problem (^. This means that we 
construct WKB expansions of infinite order. Let us precise this. We introduce the profile 
space 

(7) V{T) := {U G L^{(Q,T) x 17 x M+) such that there exist U £ H°°{{0,T) x and 
U G Af{T) such that for all {t, x, X) G (0, T) x J] x M+, U{t, x, X) = U{t, x) + U{t, x, X)}. 

The function U_ is the regular part and U is the characteristic boundary layer term. We will 
split U G V{T) into U = (V, P, S) and V into V := Vt + Vn where := (V.n)n. The function 
V (respectively P) takes its values in (resp. M). The function Vt (respectively V^) takes 
its values in M"^"^ (resp. R). By abuse of notations, we will say that V, Vt, V^ and P are in 
V{T) even if they do not take values in 

We look for formal solutions {u^)e of of the form 

"fix)-, 



(8) 



n>0 



where each U"' belongs to V{T) and = vP . Let us explain what is meant by formal 
solutions. Plugging the expansion ^ into the system, using Taylor expansions and ordering 
the terms in powers of e, we get a formal expansion in power series of e: 

"fix)-, 



X, 



n>-l 



is a formal solution when all the 



where the (^'")„j._i are in V{T). We say that (w 
resulting are identically zero. Theorem 17.11 will sum up the main results of section |7| It 
states that the system has formal solutions of the form 



(9) 



vf(t,x) 
v^(t,x) 
p^(t,x) 
s^(t,a;) 



v^(t,x) + 



^•v-^(t,x,^). 



V?(x) 



v2(t, x) + e V2(t, x) + ^e^' V^-^t, x, 

j>2 ^ 



pO(t,x) +eP°(t,x) +^e-''p-'-^(t,x^ 



ifix). 



and that we can prescribe arbitrary initial values to the (S-' |j=o)jeN and to the (Vj|t=o)jeN- 
The profiles Vj, v|^ and P'^ involved in (jUJ are the profiles Vt, Vn and P involved in (jS)). In 
© , we use the index to match with notations of section [Tj In @ , we did not write the 
index in order to avoid heavy notations. 
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The two first equations of involve the entropy s, through the functions p et a. A 
priori the large entropy boundary layer could contaminate the velocity^. We prove that since 
we consider some ground states := (v*^, p*^, s*^) solutions of verifying the conditions 
there is no contamination at order e^: when looking at the expansion Q, we notice 
that there is no large pressure boundary layer and no large velocity boundary layer. To 
use the conditions ©, we reduce the system (cf. section IHl). This step is difficult. Let us 
briefly mention here some key points of our strategy. For sake of clarity, we begin with 
the first equation of only. We look for solutions {u^)e where v"^ and are of the form 

:= + eV^, p^ := p*^ + eP^. We split the particle derivative v"^ into 

Xv. = X^o v° + eXvc + eV^Vv°. 

Thanks to the conditions ©, there exists a function (p E C°°((0, Tq) x 0,) such that for all 
it,x) £ (0,ro) X n, (X^o v°)(t,x) = ip{x)(l){t,x). Remark that iiU £ M{To), then 

X^o v° .hl{t, X, = e{^{t, x)XU{t, X, X))\^^^ and XU G AA(To). 

To use this remark, we develop the term p{p^, s^). Thus, we write under the form 

(10) s'{t, x) = s^{t, x) + S°(t, X, ^) + sS''\t, x), 

with S° G AA(To). We get for the term p(p'^, s^) the following expansion: 

pif, s^) = p(pO, sO) + (pi-p^, + 3°) - pi-p', s")) + eDpip^, sO).(P% S^>) + 0(8^). 
Because satisfies the equation (P), we get the equation: 

p(p%s^).Xv.V^ + VP^ + «Pv = 0(e) with :=*p° +«p^ + q35 
' := p(pO,s^).V^VvO, 
where I := £~M/o(P°, s° + 3°) - p(p°, sO)).X^o v^, 
^ *pe:=^/'(P^sO).(P^S^>).X,ovO. 
With the previous remark, we get 

= {cPXipip^, + 3°) - p(pO, sO))}|^^^. 

Proceed in the same way for the second equation of (^, we get the equation: 
a(p^s^).X,£P^ + divV" + q3p = 0(£) with ^^-.= ^^ + ^1 + % 
( := a(pO,s^).V^Vp°, 

:= e-i (Q(pO, sO + sO) - a(pO, sO)).X,o p^ 
= {./.X(a(pO, sO + 3°) - a(pO, s^))}\^_^. 

,0 



where 



[ % := ^)a(p^ s").(P^ 3='^).X^o p". 



In other words, the unknown C/^ := (V^,P^,s^) verify the Euler system except the 
perturbation terms ^m, *Pp, and 0(e). We see that the terms *P", *Pp and do not 
have any singular factor with respect to e. This is a consequence of ©. These terms are 
expressed in function of the unknown U^, of the ground state and of the boundary layer 
S'^. The terms and them, involve 3^'^ If we try to eliminate 3'^''' via (jlOp. we 



^which can create a destabilizing effect (see |S]) 
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involve the unknown in a singular way via the term e~ s^. We overcome this difficulty 
in Lemma 17.41 using that the terms X^o p'' and X^o v'^ are respectively in factor of ^% and 
*Pp. Moreover the terms *Pv and *Pp are affine with respect to (V^,P^). 

The profile equations are linear, thanks to some original transparency properties of 
the Euler system. On one hand, the entropy boundary layer profile s'^ verifies a transport 
equation which is linear with respect to the entropy (cf. equation (|46|) ). On the other hand, 
the amplitude of the boundary layer on the tangential velocity is weak (of order e) and the 
boundary is characteristic for a linearly degenerate field. Thanks to this, the tangential 
velocity boundary layer profile Vt satisfies a linear equation, without Burgers-like nonlinear- 
ity (cf. equation (|49|) ). This is a transparency phenomenon analogous to the one observed 
in 122] • A interesting point is that such transparency phenomena does not occur for large 
amplitude high frequency entropy waves (see Theorem 3.9 of 

In section [3 we are interested in the existence (cf. Theorem 18.2(1 and the propagation 
(cf. Theorem 18. If) of exact solutions of asymptotic to approximate solutions obtained 
by truncating formal solutions constructed in section [7| Theorem 12.11 given in the introduc- 
tion is a consequence of Theorem 17.11 and Theorem 18.21 After a reduction (cf. Prop. 18.41 
subsection 18.1(1 . we will face a singular perturbation problem because of boundary layers 
which corresponds to variations in "f^. More precisely we deal with a family of quasi-linear 
symmetric hyperbolic boundary value problem. As for the originating Euler problem, the 
boundary is conservative and characteristic of constant multiplicity. To tackle this char- 
acteristic problem we get inspired by the paper |llj of O.Gues which uses the notion of 
conormal regularity and the spaces 

E^{T) := {u E L\T)/ ^ \\d1 uW^^i^T) < oo}, 

with a := {ao, .■.,ad) G N'^+-^, |a| := ao + ••• + "d, := Zq° ...Z^''' where (Zq, Zd) gener- 
ates the algebra of tangent vector to F. To simplify, we denote L^(T) := L^((0, T) x fi). 
For these spaces one normal derivative corresponds to two conormal derivatives. We adapt 
the method of by substituting the derivative e^n to the derivative dn in order to obtain 
uniform estimates and will use the following subsets of L?'{T)'^^''^^: 

E^iT):={iu%GL\T)/ supo<,^i ^ \\{ed„)' Z'^ u'W^^^t) < oo}. 

0^2fc+|Q:|^m 

This idea to use some derivatives with e in factor for some singular perturbation problems is 
natural and was also used in the papers of ^Sl) ^] with the e-stratified notion, ^ with the 
e-conormal notion. Here, this idea is applied to (characteristic) boundary value problem 
and anisotropic Sobolev spaces. 

At first look, this system we obtained is singular with respect to e but a trick allows to 
overcome this false singularity (see subsection l8.1|) . We will use a family of iterative schemes. 
Thus we will supply in subsection 18.31 linear estimates which are the core the proof. We 
will successively perform estimates, conormal estimates and normal estimates. A main 
difficulty lies in the way to deal with commutators (cf. Proposition 18.19")) . This strategy 
yields exact solutions till Tq. The proof of Theorem l8 . 2l needs carefulness about the existence 
of compatible initial data. Subsection 18 . 21 is devoted to this question. 

It is possible to obtain estimates, in spite of the fact that d ^ 1. We refer to papers 
|2Uj . jl7j of G.Metivier, paper [21] of J. Ranch and M.Reed and paper This idea is still 
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relevant when adapting e-conormal regularity to characteristic boundary value problem. 
Therefore we can weaken the regularity of the solution and prove a propagation result for 
some solutions admitting only one normal derivative in L^. We introduce the following 
subsets of L2(T)10'1]: 



A-CT) := {in%/ 



J] ||Z°n^||i2(r)+ Yl \\ednZ"u'\\L2^T)<oo}. 



We will also use some norms built on L°°. Because the boundary is characteristic, we will 
need not only the Lipschitz norms but higher order control, as O. Gues in jllj and G. 
Metivier in [TT]. We wih denote by L°°(T) the space L°°(r) := L°°((0,T) x Q). We will 
introduce the norms 



u 



u\\l-^(t), 

0^|a|^2 O^lal^l 



and the following subsets of L°°(r)]°'il: 

A™(r) := {iu%/ supo<,^i ||n^||:,T < oo}. 



Theorem 18.31 states a propagation result in the spaces A'"(T) n A™'(T). 

One quality of our method is that we need approximate solutions with only a few profiles. 
The minimum number of profiles required is linked to the lost of a factor £2 in a Sobolev 
embedding Lemma (Lemma 18. 8|) . Let us explain one motivation to minimize the number of 
profiles needed. In this paper, we consider a ground state in H°°{{0, Tq) xQ) and formal 
solutions with regularity. It could also be possible to extend to ground states of high 
but finite regularity. 



3. Forthcoming 

We plan to show in a further work that for more general ground states which are 
solutions of (0), which verify the condition X^o v*^ = for {t,x) G (0, Tq) x T but which do 
not verify the condition X^o p*^ = for {t,x) G (0,ro) x F, it is still possible to construct, 
in small time, some nontrivial formal solutions of but of the more general form 



vl{t,x) =Y,^^v{{t,x, 



ip{x) 



V^„(t,x) =vO(t,x)+^£Jvi(t, 



X, 



ip{x) 



p%t,x) =pO(t,x) + £pi(t,a;) + J]]£-'P^(t 



s^(t,x) 



J2e'S\t,x, 



Moreover we will show that we can prescribe arbitrary initial values for the (Vj)jgr^ and the 
(S-')ji=N- However these formal solutions can be unstable. 
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4. Setting of the notations 



To simplify and avoid heavy notations, we will consider from now on that the domain Q is 
the half-space O := {x G W^/ ^ 0}. This assumption does not change the mathematical 
analysis of the problem. We fix a notation. If ^ is a d-l- 2 by 2 square matrix, we denote 
by A* the d + 1 by d + 1 extracted square matrix which contains the d+ 1 first rows of the 
d + 1 first lines. With u = (v,p, s), the Euler system is of the form 

(11) X^u + M{u,d^)u = 

with 

■HI 



M*{u,0 




a 





-1 



P 







We recall that we assume that a(p, s) > for all p and s. We denote by 

0" 



S{u) 







pid 




a 



Multiply Eq. (|TT|) by the matrix S{u) to get the equation 
(12) £{u,d)u = 

where d) := S{u)X^ + L{d^) and for all ^ G M'^, 

[L^(0 0^ 



HO := S{u)M{u,0 











We also introduce the operator £*{u, d) := S* {u)Ji.^+h* (dx) ■ The matrix S{u) is symmetric 
definite nonnegative and depends in a C°° way of u. The system (jl2j) is therefore symmetric 
hyperbolic. For this system, the boundary conditions v.n = are conservative. We denote 
by V := (v, p) and by w := s. We introduce for all ^ G M*^ — {0} the subspace F(u, ^) := 
ker M{u,0 of M^. We denote by {ei, ed+2) the canonical basis of M'^"'"^. Notice that 
F(u, ^) = © and that X{u,^) := v.^ is a linearly degenerate eigenvalue with 

constant multiplicity d > i.e. 

r.V„A(n,0 = 0, for all r G F(n,0, 1 ^^^^^ ^ ^.+2 ^ (j^. _ ^^^^ 

— {0}. We denote by Pq the orthogonal 



dimF(n,0 = d, 

Notice that {v = 0} C kerM{u,^), for ah ^ G 
projector on kerL^; i.e. 



where Pq is a (d + 1) x (d + 1) matrix 



-in 


















We will often split U G V{T) into U = (V,yV). The function V (respectively W) takes its 
values in M'^"'"^ (resp. M). We will sometimes split V into V = (V, P) and V into V := (Vt, V,^). 
The function V (respectively P) takes its values in (resp. M). The function Vt (respectively 
Vrf) takes its values in W^'^ (resp. M). By abuse of notations, we will say that V, W, V, Vt, 
and P are in V{T) even if they do not take values in 1^*^+^. 
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5. OVERDETERMINED GROUND STATES 

In this section, we prove the existence of ground states (v^,p'^, s*^) E solutions of Q 
and verifying the conditions (jlj. 

Theorem 5.1. Given h £ C^(K'^,'K'^) such that h'{x) is nilpotent in a neighborhood of 
and such that hd{x) = when Xd = 0, there exists a local solution v of the initial 
boundary value problem: 

dtv + (v.Va;)v = 0, div^v = 0, ^d\xi=o = 0, v|t=o = h. 

Proof. Local existence of solution of multidimensional Burgers equation can be achieved 
with characteristic method. The classical relation v[t,x+th{x)) = h{x) holds in a neighbor- 
hood of 0. Because hd{x) = when Xd = 0, we get Vd(t, x) = for Xd = 0. The divergence 
free relation is a consequence of the nilpotence of h'(x) as proved in Theorem 2.6 of [T]. □ 

Assume that d = 2 for a moment and let us give some examples of initial velocity h 
which satisfy the assumptions of Theorem 15.11 If h satisfies hi{x) = X2 and h2{x) = in 
a neighborhood of 0, then h is convenient. We now detail a more general process to get 
convenient h. Let F be a function in C"^(M+,M) such that F{0) = and F'{x) > for all 
X e M+. Let ttinit G C^(M+,M). There exists a local solution a G Ci(M x M+,M) of the 
scalar initial boundary value problem 

dia + 820 = 0, a\x2=o = 0, a\xi=o = amu- 

Consider h[x) := {a{x),F o a{x)). Then h satisfies the assumptions of Theorem 15.11 

Of course, because conditions Q imply conditions ©, what precedes proves the existence 
of To > and of a ground state vP := {v^, w^) G -ff°°((0, Tq)xQ) solution of and verifying 
the conditions ©. From now on, we will assume that such a ground state is given. 

6. Reduction of the system 
We look for solutions of of the form 

We are going to realize a singular change of unknown, by looking for an equation for 

Proposition 6.1. The function is solution of the equation (| j jj) if and only if the function 
verify the equation 

(13) £(n^5)^7" + = 0, 

where 

with Ki{v^,dv^,u^) =£*(n^9)^;°. 

Proof. The equation Hll|) is equivalent to the two following equations: 
(15) X^ev' + M*{u'',dxX = 0, X^eW^ = 0, 

By dividing the first equation by e, it's also equivalent to 



(14) 
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We get: 
(16) 







We multiply ()16() to the left by the matrix S{u^) to end the proof. 



□ 



The underlying idea of the previous proposition is that because is given as a ground 
state, is the real unknown. For each e, we obtain that satisfies a hyperbolic system. 
However in order to achieve an asymptotic analysis for e — > O"*", we can be a priori worried 
about the singular factor within K''. Let us recall the way ^ deals with this term, 
expliciting their calculus for this particular case of the Euler system. First because X^^v^ = 
X^o v° + eV^.Vv^, we get 







Remember that use the condition on the ground state which are stronger than the 
condition (jSJ we use in the present paper. The condition © reads X^o v° = L''{d^)v° = 
and 

"5*(ii^)V^Vt;°"l 




does not contain any singular factor anymore. The following proposition will show that 
under condition © the term does not contain any singular factor too. In order to 
help the reader, we give some hints about our strategy. We will take into account that we 
search of the form 

W%t, x) = X, ^) + eW^'\t, x) 

with yV° G V(T) (cf. dZj) for the definition) and yV° = w^. Under the conditions ©, 
we have only expanded v^. Because we assumed that X.^ov^ = 0, the term S*{u^)'K^o 
vanished. Under the localized condition the idea is tricker. We will expand too, 
into W = w° + W'^ + eW"^'^ within S^iu"). Ima gine in a first time that is identically 
zero. Then we obtain by a Taylor first order expansion that 



£,{u^, d)v^ + terms of order 




Because the ground state vP satisfies the first term in the right member is equal to zero 
and does not appear singular with respect to e anymore. Of course we want to deal with 
some nonvanishing function VV'^. A key difference with paper pOj is that here VV*^ denotes 
a boundary layer and we will see in the following proposition that its singular contribution 
within K'^ contains the trace of 'K.^ov^ on the boundary F := {xd = 0} as a factor. Therefore 
the localized conditions Q allow to conclude. In prevision of the following sections, we will 
be careful with the way the term K'^ depends of U^ and W^'" . 

In order to avoid heavy notations, we will omit the two first arguments and write Kl[u'^) 
instead of iCf (f*^, dv^ , u^). Furthermore, we want now to use the special form of the solutions 
we are looking for. Thus we will write Kf{v^ ,w^). We also introduce some notations. 
A Taylor expansion proves that there exist two C°° functions v^'^ and w^'^ such that = 

0. 



+ a^d v^'^ and w'^ 



li^ + Xd w'^'^ ^ where u is the trace of u on Xd 
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Proposition 6.2. Assume that is of the form 

(17) W'{t, x) = >V°(t, X, y ) + eW'\t, x). 

where G V{T) with VV^ = . Then there is a C°° matrix K\ such that 



(18) Ki{u^) = eKlie, xa, y^ ey^ W^ y W^'\ eW 

where K\ is affine with respect to its fifth argument and affine with respect to its eleventh 
argument W^''" with X^o v'^ as factor in the leading coefficient. In to avoid heavy 

notations we denote VV" instead of yV^{t,x, 

Proof. We begin giving a technical lemma. We will use it twice. 

Lemma 6.3. There exist some d+1 square matrices K\ '^{ui,U2) and some K\ 2(^1,^2) G 
]^<i+i ^Q^/j (joo ^j^^j^ respect to to their arguments ui := {vi,wi), U2 ■= {v2,W2) G M'^^^ x M 
such that K\ 2 has X^^ as factor and that 

(19) Ki{vi +V2,Wi +W2) = Ki{ui) + K'1^^{ui,U2).V2 +W2K\2{u1,U2)- 

Proof. We will proceed in two steps. 

1. A Taylor first order expansion yields the existence of matrices Sl''"{ui,U2), 82'^ {ui,U2) 
such that for all {ui,U2), 

(20) S*{vi + V2,Wi + W2) = S*{ui) + V2.Sl'^{ui,U2) + W2.S2^{ui,U2). 

Here S^'^ {ui,U2) is a (d + 1)^ x (d + l) matrix and S'2'''(ni, M2) is a d+1 square matrix. 
We write in a block form the matrix 



,„o> wO 



r£,b\ 



'-'1,1 



'l,(i+l 



where the (5']J''^)j=i_...^rf+i are some d+l square matrices. In Eq. (I^HJ, the notation v.S^ 
stands for the d+l square matrix v.Sl''" := viSl'\ + ... + Vd+iS*'^^^^. 
2. We introduce, for all {ui,U2), the d+l by d + 1 matrix ^(ni,?i2) such that for all 

z = {z,Zd+i) G M'^ X M, 

Kii{ui,U2).z := z.Sl'^{ui,U2).^^rj^+v2V^ + (S^iui) + W2.S2^).Z.'Vv^, 
and the vector 

Kl2{uuU2) := S;'\ui,U2).y.,, G R'^+\ 
As by definition, for all {v, w) gM.^ x M, 

Ki{v,w) := S*{v,w)X^v^ + L*{d^)v^, 
we get for all (ni,n2), 

Ki{vi + V2,Wl + W2) - Ki{vi,Wl) = S*{vi + V2,Wl + W2)^vi+V2 

-S*{vi,wi)X,, v^. 

Thanks to Eq. ^ and because X^i+vj^^" = ^v^v^ + V2.Vt'°, we get ((TU|) . 
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□ 

This technical lemma given, we will proceed in three steps. 

Step 1 (First order expansion). We are going to prove that there exists a C°° function 
k\'^ , affine with respect to its third variable and affine with respect to its sixth variable with 
X^o as factor in the leading coefficient such that 

(21) Kiiu") = Ki{v^, W°) + eKl^\e, v^, V',eV', W''\ eW'^). 
We use a first time Lemma and apply ((T^ to 

{vi,wuV2,W2) = (^;^>V^ey^eV^^'^ 

we get with 

Kl'\e,v^,V',eV',W'^,W''\eW''^) := V'Kl^{v^,W'^,eV',eW''^) 

It is clear that the function k\'^ is affine with respect to its third variable and affine with 
respect to its sixth variable with X^o as factor in the leading coefficient. 

Step 2 (Do Xd = 0). We are going to prove that there exists a C°° function K^'^ , affine 
with respect to its fifth argument and affine with respect to its eleventh argument with X^o 
as factor in the leading coefficient, such that 

(22) + eK\{e,Xd,v'^,v^'\v',eV',w^,w^'\w\^W'^,W''\eW''^). 

Thus we have to do the analysis of Ki(v^ ,W^). We write naively 

(23) K,iv°,W^) = Kiiu'>) + (E:i(t>o, wO) - Ki(n°)). 
and do an estimate for the error by substituting 

Ki{v°,w° + W°) - Ki{v°,w°) to Ki{v°,W°) - Ki{u°). 

Lemma 6.4. There exists a C°° function EtJ'^ such that 

(24) Ki{v^,W^)-Ki{u^) = Ki{v^,w^ + W^)-Ki{v^,w^) 

Proof. We will proceed in three steps. 

1. We use use Lemma EHl again and apply respectively (fT!H) to 

{vi,wi,V2,W2) = {v'^,w^ + \V^,XdV^'\xdW^'^) and to 

{V1,WI,V2,W2) = {v'^,W°,XdV°''",XdW^'^) 

we get 



(25) 



Ki{v^,W^) = Ki{v^,w° + W^) + XdKf{xd,v°,v°'\w°,w^'\W°), 
Ki{v^,w°) = Ki{v°,w°) + XdK'l{xd,v°,v^'\w^,w°'^), 
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with 

and we denote by K^''^ ■= Kf - K\. 

2. By a first order Taylor expansion, we obtain that there exist some (d + 1) x (d + 1) 
matrices G\ ^ and some 2 ^ M'^"'"^, C°° with respect to their arguments 

ui := ivi,wi) ,M2 := {v2,W2) e R'^^^ x M ,^3 e M 

such that 

K\ i{vi,Wi + lt;3,n2) - ^^1(^1,^2) = W3.G\ i{ui,U2,W3), 
K\_^2(v1,Wi +W3,U2) - Kl2{ui,U2) = W^.G^ 2(^1, U2, W3) . 

3. Thanks the two previous points, we obtain (|24|) with 

+w'>>G\ 2{v^, W^^XdV^^Xdw'^'^W'^)}. 



Because G\ i and G\ 2 are C°°, the function K^'"^ is also 



□ 



We denote by 

Kl{e, Xd, ey^ u-^, ^VV°, W''\eW''^) := 

Because the first term does not involve and W^'^ and the function k'I'^ is affine with 
respect to its third variable and affine with respect to its sixth variable W^'^ with X^o 
as factor in the leading coefficient, the function K\ is affine with respect to its fifth variable 
and affine with respect to its eleventh argument W^'^ with X^o as factor in the leading 
coefficient. Note that as the profile Wq is rapidly decreasing in X, the profile XWq is also 
rapidly decreasing. Combine (EU, ((231) and (EU to find (EH). 

Step 3 (Use the ground state properties). We are going to prove that the terms Ki{u^) 
and Ki{v'^,w° + W°) - are equal to 0. 

First because the ground state satisfies 

Ki{u^) = 5*(n°)(X,o +M''{u°,d^))v° = 0. 
Moreover, referring to 1)14(1 and thanks to ©, we obtain: 

□ 
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7. WKB EXPANSIONS 

7.1. Formal solutions. We look for formal solutions (u^)e of Q of the form = {v^ + 
eV^, W^) where := {V^, W^) is an expansion 

(26) 

where each belongs to V{T). We rewrite as = (V", W"") and we suppose VV^ := 
nf' . Let us explain what is meant by formal solutions. Plugging the expansion ()26() into 
the system, using Taylor expansions and ordering the terms in powers of e, we get a formal 
expansion in power series of e: 

(27) ^ e-<I>-(t,^,^£^) 

n>-l ^ 

where the ($")„^_i are in V{T). We say that {u^)e is a formal solution when all the resulting 
are identically zero. The following theorem states that the system has formal solutions 
and that we can prescribe arbitrary initial values to the (Po^"'|i=o)igN- We introduce 
Minit ■■= H°°{M.%,S{R+)) and the profile space 

Vinit ■■={U e L'^iR'l X M+) such that there exist U e H°° (R'l) , U e Minit 
such that for all {x,X) e M+ x M+, U{x,X) =U{x) +U{x,X)}. 

Theorem 7.1. Assume that some profiles {Ul^^^)j(zm such that {Id — Pq)UI^h = and 
y^init = w^\t=o o,re given, then there exists a formal solution (u*^) o/(0) on (0, Tq) with some 
profiles {W)j^fq in V{Tq) such that >V° := and that for all j G N, PoW\t=o = l^lnit- 
Moreover the profile is polarized in the sense that {Id — Pq)U = for all {t,x) E 
(0,ro) X Q.. 

Notice that Theorem 17.11 gives the existence of a formal solution till Tq. At first sight, 
this may seems strange because Theorem 17. II deals with large boundary layers and in some 
similar settings large boundary layers have in general a nonlinear behavior (see for example 
paper |5J of G.Metivier and K.Zumbrun about large viscous boundary layers for nonchar- 
acteristic nonlinear hyperbolic problems and paper [H| of E.Grenier about large velocity 
boundary layers for the Euler equations). It is also different from the result on entropy 
waves of C.Cheverry, O.Gues and G.Metivier pp. In Theorem 3.4 gives the local exis- 
tence of formal solutions with large amplitude oscillations on the entropy. More precisely 
Theorem 3.4 of [J| gives the existence of the profile lA^ for small time and we see on the 
system (3.36) of that this is not because of a lack of analysis but because of an actual 
nonlinear effect. At the opposite in the proof of Theorem 17.11 we will construct a formal 
solution thanks to linear profile problems. This shows that a system can reveals addi- 
tional transparency properties when looking at boundary layers instead of high frequency 
oscillations. The transparency property of 32_ supports this remark.^ 

Since the profile lA^ is polarized, we get = P*^ = (see section ^ for the definition of 
Pq) as we have mentioned it in the introduction. This means that the amplitude of normal 
velocity and pressure boundary layers is weaker than the amplitude of tangential boundary 
layer. The fact that the profile vj^ vanishes is a consequence of the conditions © and more 



This phenomenon can also be observed when looking at boundary layers of "strong amplitude" , following 
the terminology of Instead of nonlinear modulation equation as in [J, we obtain linear profile equation. 
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precisely of the fact that X^o p*^ = for {t,x) £ (0, Tq) x T. Without this last condition, 
it is still possible to construct some nontrivial formal solutions of the form (|26j) but with a 
nonvanishing profile (cf. section However such formal solutions can be unstable. We 
do not consider such formal solutions in this paper. 

Next subsection is devoted to the proof of Theorem 17. II We outline here some key tools of 
the proof. First we use the reduction of the system of section 3. We use in a essential way 
Proposition 16.21 For example because Ki contains a factor e, the term is not singular 
with respect to e. This is crucial because we look for formal solutions without boundary 
layers for but only with large boundary layers for . In order to find the expansion 
(|27() . we use several Taylor expansions with respect to e and to Xd- The underlying idea is 
to obtain an expansion l\'27\i inside which the profiles {V(^)j^^ appear at the highest possible 
order. We notably use the fact that and X^o vanish on the boundary and the fact 
that K\ is affine with respect to its eleventh argument with X^o as factor in the leading 
coefficient (cf. Proposition 16.21 and Lemma l7.4() . In order to find some profiles (U^)j£f^ for 
which the profiles ($-')jgN of the resulting expansion H27|) are identically zero, we follow 
the strategy of m| , [HB > 110] j IHl! and exhibit a sequence of profile problem. Theorem 17.51 
gives the existence of profiles {U^)j(zf^ solving this sequence of problem. Theorem 17. II will be 
proved as a consequence of theorem 17. 51 One key point in the proof of Theorem 17.51 is that 
profile problems are linear, thanks to transparency properties. One manifestation of this 
property is that is afhne with respect to its fifth argument. The profiles problems are 
linearized Euler equations for the regular part of the profiles and linear totally characteristic 
transport equations for the boundary layer part of the profiles. 

7.2. Proof of Theorem 17. ll We will proceed in two steps. First we explicit the expansion 
Then we look for profiles {l{^)j(z^ for which the profiles of the resulting 

expansion (^Tj) are identically zero solving a sequence of profile problems. 

7.2.1. Expliciting the expansion \21^ . We introduce the operator Ti^ which maps a function 
U e H°°{{0,T) X Mf) to the function n'^{U,W\W'^,^W^,d)U G iJ°°((0,r) x M^) where 



£ 

n\u, w\ y d)u := w, d)u + 







with 



K\V, Wo, y W^) := K\{Q, x^, v^v^'K V, 0, w^w'^Kw^ ^W°, W\ 0). 

Remember that the term K\ is defined in Proposition l6.2l As in (|18jl . we denote VV" instead 
of W°(t, j;, ^). Thanks to PropO the function K^(y,W,XW,W) is affine with respect 
to its first argument V and affine with respect to its fourth argument W with X^o as 
factor in the leading coefficient. 

Proposition 7.2. (i) We obtain 

$-1 = 0, $° = W°(^^°,0,0,W\5)^, 

and for j ^ 1, 

= 0, 0, W\d)W - Q^. 

The terms Qp depend on {t,x), on the profiles {ld!^)k<j cLnd on their derivatives and 
affinely on the profiles W and VV-'"^^. In particular, = —M^SJW^. 
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(ii) We obtain 



LddxU^ + n'{u'^,d,dx)u^, 

Ld dxW^^ + (Z^° , a, dx )W - Q? for J ^ 1 



where 

• the operator Ti' maps a function U G ■p(T) to 7i'{U, d, dx)U G J\f{T) where 

n'iu, d, dx)u ■■= (Xv°'^ + + \id)S{v'^,w)dxU + w, d)u 





where K^{V,W,XW) is a C°° function affine with respect to its first argument V 
such that i<'?(V°,yV°,XyvO) G M{T). 
• the terms QP depend of {t,x), of the profiles {U^)k<j, of their traces and of their 
derivatives and affinely of the profiles W and V^^^ . 

Proof of (i) . We introduce the operator Ti^ by the formula 

n'{U, d)U := + eV, W, d)U + . 

Remember that the term is defined in Proposition 16.11 Assume that W is of the form 
W"" = + eW^ where W° G 7^ with = . By a first order Taylor expansion m 
respect to e, using Proposition 16.21 we see that can be put under the form: 

d 

n'{U, d)U = n^{U, W\ W°, — W°, d)U + ^ B'^iv^, U)edjU + eM'{t, X, U). 

^ i=i 

where the B^- and are {d + 2) x {d + 2) matrices depending in a C°° way on their 
arguments including e up to e = 0. They are of the form 

Then we easily complete the proof of (i). □ 

Proof of {ii). We now look at the Because the terms W{t,x, ^) contain a factor e^^ 
in their argument, the normal derivative dd plays a crucial role. Therefore, we define 

(28) X; := Xv - Vddd and L'(n, d) = L{d) + S{u)X'^. 

Write U :={V, W) to find that 





0' 


, : = 




0" 







v.. 









(29) L'{u,d)U 
Then 

n'iu,d)u 
n°{u,w\w^,^w^,d)u 



L*' {u,d)V 



where L'^' {u, d) := L*{d) + S*{u)X.'^. 

(v^ + eVd)S%v^ + eV, W)ddU + L'{v^ + eV, W, d)U + K', 
v^d S{v^, W)ddU + L'(t;°, W, d)U + i^°(y, W°, W^). 



A key point when calculating the is that when a boundary layer profile is in factor, we 
can do formally "x^ = 0". The underlying idea is that for a scalar function ^{xd) and 
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hi S Af{T) using a Taylor expansion yields the existence of a C°° scalar function ^''{xd) 
such that ^{xd) = $(0) + Xd^^x^). Then 

<^ixd)Uit, X, ^) = ^Opit, X, —) + e«>^(xd)(XZ:/(t, X, . 

Because XU{t, x, X) still is in J\f{T), the second term can be put with the term of order e. 
If ^{0) = 0, then you obtain that U does not appear in the resulting expansion at the order 
0. We are going to apply successively this idea to the terms 

v°dS{vo,W)ddU, Bl{vQM)£ddU and i^°(V°, W^). 

• Because v[J = 0, we have vj] = Xd'^'^/ ■ Applying v^^S{v'^ ^W)dd to U{t,x,^) where 
U G AA(T) yields the term 

(v°'^ S^v'', W)XdxU + vO S\v^, W)ddU)\^^^_,. 

• We now look at the term B^{v^,L(). 

Lemma 7.3. There exist some matrices B'^J' C°° with respect to its arguments, including 
£ up to 0, such that for all U € V{T), 

(30) B'aiv'^M) = Vd W) + eBf{xd, X, ,v^'\Li,l/ ,U). 
Moreover, the matrices B"^'^ are affine with respect to X . 

Proof. We will proceed in three steps. 

1. First by a Taylor expansion there exist some matrices B^'^'^, C°° with respect to its 
arguments, including e up to 0, such that for all U G V(T), 

Bl{v^M) = B'd{v\U)+eBf{v\U), 

where 

B%v\U) := Yd W) + Z)5(t;0, W).(V, 0). 

2. By a Taylor expansion, there exist some matrices B'^'^'^ and B'^'^''^, C°° with respect 
to their arguments 

such that for all ^i, U2,^2)> 

(31) B''j^{vi+V2Ml +U2) = B^a{vi,Ui) + V2.B''/\vM,V2M2) 

+ U2.Bf'\viMl,V2M2). 

We write = + Xd v°'^ and for aWU eV{T),U = il + Xdht ■ We apply (EU with 

{viMi,V2M2) = {v\U+U,Xdv'^'\xdht), 
and obtain for all U G V{T), 

B'i{v''M) = Bl{v\li + U)+XdBf^\xd^v\v''Ku,U\U), 

with 

Bf^\xdy,v'''\ll,U^M) ■■= v^KB^/,{v^,li + ^,Xdv'\xdU') 

+U^.B%{v\U + U,XdV^'\xdU^). 
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3. Moreover, for all U £ V{T), as vj] = 0, we have B^v^ M) = dS^{v'^ ,W). As a 
consequence, we get (|3(H) with 

(32) Bf{xd, X, v^v^\U,U\ll) := B'/{v^,U) + XB''/'\xd, v'^ ,v°\li,U\U) 
which is affine with respect to X. 

□ 

Write Vrf = + x^V^ and define 

Bf'^ixd,X,v^,v'Ku,U\U) = B'/{x,,X,v',v'\Li,U\U^ 
to see that by applying B^^{v°,U)edd to U{t,x, ^) where U e M{T), we get the term 
{{h + ^d)S{v'',W)dxU + e{B'/'\xa,X,v^,v^\u,U\U).dx+B'^^^^ 

Moreover, since the matrices B^'^ are affine with respect to X (see (|32|) ). the two terms 
of the sum are in J\f{T). 

• At first sight, the term 

T := ir°(v°, yv°, xyv°, w^) - i^°(v°, o, o,w}) 

must appear in <^'^ but we are going to redevelop this term. 

Lemma 7.4. There exist two C°° functions Kj and Kjj affine with respect to their first 
argument such that 

(33) T := K^{V^,W^,XW^) +eK^i{V^,W^,XW^,W^,XW^). 

Moreover, the functions K%V° ,VV° , XW°) and K^j{V° , XW° , XW^) are in 
MiT). 

Proof. We will proceed in six steps. 

1. We begin to split the term T into three parts: T = Ti + T2 + T3 where 

Ti := K°(v^yv^xvy^w^) -i^°(v^w^xw^yvl), 
T2 := K°(v^w^xvv^w^) -if°(v°,o,o,w^), 

T3 := K°(V°,0,0,>V^) -i^°(V°,0,0,>V^). 

2. Because the term K^{V,yV, XVV,W) is affine with respect to its first argument V 
and affine with respect to its fourth argument W with X^o as factor in the leading 
coefficient, there exist some C°° functions Kf and K2 affine with respect to their first 
argument such that for all {V, W, W) e 1^^^+^ x M x R, 

(34) K^{V,W,XW,W) := K^{V,W, XW) + X^o v'^ .K^{V,W , XW).W. 

3. To deal with the term Ti, we use twice the equality first with (y, VV,H^) = 
(V°,W°,Wi) and then with {V,W,W) = (V°,yV°,W^) to find 

(35) Ti = X^o v°.K^{V,W,XW).W^ 
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4. To deal with the term T2, we use twice the equahty (jSH), first with (V, >V,VF) = 
(V°, W°,>V^) and then with {V,W,W) = {V°,0,W}) to find 

(36) T2 = ir5'(V°,W°,XW°) - A'i°(V°,0,0) 

+X,o . (i^2° ( V° , W° , X W° ) - i^2° ( V° , 0, 0) ) . W ^ 

5. To deal with the term T3, we use twice the equality (jSU, first with {V,}V,W) = 
(V°, 0,W}) and then with {V, W,W) = {V°, 0,W}) 

(37) Ts = i^?(V^O,0) -K?(V^O,0) +X,o7;^(i^:2^V^O,0) -i^2^V^0,0)).W^ 

6. Using (jSni), (ESI), (EZI), we get (jSSl) with 

i^y(V°, W°, XW^) := K?(V°, XW°) - ifiO(V°, 0, 0) 

Xd 

+(K2°(V°, XW°) - i^2°(V°, 0, 0)).Wi}. 

We have used that Xd = eX. Because the term X^o vanishes on the boundary, it 
contains a factor x^- Therefore the functions and K^^ are (7°°, affine with respect 
to their first argument. Moreover, the functions 

/^0(V°,W°,XVV°) and i^?j(V°, W°, W\ XW^) 

are in J\f{T). 

□ 

As a consequence, the function i^?j(V°, XW^,W},XW^) can be put in $1. There- 
fore the boundary layer profile does not appear in the contribution of the term T at 
the order 0. 

Finally, we get the result and complete the proof of {%). □ 
Write U := (V, W) to find that 

H*'{U,d,dx)V 



(38) n'{X,U,d,dx)U : 

where 



(Xv°'^ + v^ + Vrf)axW + x,o>v 



n*' {X,U, d, dx)V := {XvY + + Vd)5*(t;0, W)dxV + £"(7;°, W, d)V 



'd 

+{S*{v'^,W) - 5*(t;°, VV))X^o V + K?(V, W, XW). 
7.2.2. ^ sequence of profile problems. We split, for j ^ 0, into 

We define the problem 

^^j^j.^^ . / (Id- Po)^^~' = Po = = = where {t, x) G (0, T) x n 



= where (i, x) G (0, T) x T 

We illustrate our strategy with the following table 
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(51) 



(5^) 



$-1 

$3 



{Id -P^)^- 
$1 



{Id - Po)^'° 
$2 



{Id - Po)^' 
$3 



Each element of the left column contain the sum of the corresponding line. When we 
solve successively the problems {S^{T)) the unknown profiles are for all j ^ 0, V-', W-^"'"^ 
and VV-^ when solving the problem {S^{T)). Notice that = X^o w*^ = because the 
ground state {v^ ,yV^) is solution of the Euler system. Our goal in this section is to prove 
the following theorem: 

Theorem 7.5. There exist profiles {W)j^o in V{Tq) which verify := w^, (5''(To))j^o 
and PoW\t=o = l^jnit Z^'" '^^^ i ^ ^- Moreover the profile lA^ is polarized in the sense that 
{Id - Pq)U = for all {t, x) G (0, Pq) x Q. 

Theorem 17. II is a consequence of theorem 17.51 

Proof. We will proceed in two steps first studying the problem {S^{Tq)) then for all j ^ 1, 
the problems (5-' (To)). The problem {S^{T)) splits into two sub-problems 



$0 = $^ = where {t, x) e (0, T) x 
where {t, x) G (0, T) x T 







where {t, x) G (0, T) x Q 



(39) 
and 

(40) {Id - Po)4>"i = Po ^ 

Let us begin to look at (|39|) : we have 

= £^(n°,5)V° + i^°(V°,0,0,Wi), 
= X^oVV^ +V°.V>V°. 

In H39|l . the determinations of and W} are coupled. The existence of solutions is given 
by the following lemma. 

Lemma 7.6. There exist some profiles {V^,W}) in H°^{{0 , To) X $7) solution of: 



(41) 



such that 



£(u0,5) 



+ 



K^{V°,0,0,}V}] 
V°.V>V° 



■H-d 







where (t,x) G (0,ro) x Q 
where (t, x) G (0, Tq) x T 



Proof. We will proceed in three steps. 

{i) It is important to see that these equations are linear because the function is affine 
with respect to its first and third argument. 
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{ii) Some compatibility conditions on the corner {t = Xd = 0} are necessary to the exis- 
tence of solutions in H°°. The existence of initial compatible initial data d^nit^Y^init) 
are given in Proposition 3.10 of j31j . Moreover Proposition 3.10 of [^Jj insures that 

we can prescribe arbitrarily PoVimt Y^init- It is therefore possible to choose 

PoiSnit ■■= y.init and Wl^n = W^t- 
(iii) Then Theoreme 3.10 of |HJ yields the existence of a solution (V*^, VV^) in H°°{{0, Tq) x 

n). 

□ 

Remark 7.7. Referring to Provosition \6. M we can compute the term K^(V^ , 0, 0, W^) and 
see that the Prob. <\41l can be restated as a boundary value problem for the linearized Euler 
system. To see this by another way, plug v"^ = + eV^ and w'^ = + eW*^ in () j 

Let us attack H40() . To solve it we use the following result: 

Lemma 7.8. There is a unique profile in a function of J\f{TQ) solution of 

(42) (/(i-Po)^° = where(t,x,X) e (0,To) X J]xIK+, 

(43) PQn'{X,vo,W^,d,dx)U^ = Q where (t, x, X) G (0, To) x J7 x M+, 

(44) Pq = U^^it where t = 0. 

Proof. If we solve directly the problem, because the system is a-priori nonlinear, we can 
only claim the local existence of a solution U^. A more acute analysis is possible using 
transparency properties. In order to exploit them, we are going to proceed in two steps first 
looking for VV'^ then looking for the tangential velocity Vt. 

(i) Referring to H38|) . and thanks to the equations (|42|) and H43|) . we find for VV'^ the 
equation 

{Xvf + + Vd)dx W° + X,o WO = 0. 
Thanks to (jUJ and (HTJ, we have 

(45) V0 = andV° = 0. 
Therefore we get 

(46) v^/ xa^vv" + X^o W° = 0. 

This is a linear transport equation for which the boundary is totally characteristic. 
As a consequence, there is none compatibility condition at the corner {t = x^ = 0}. 
Therefore there exists one (and only one) solution in V{Tq) of (|4(ij) such that 

w°|t=o = wLf 

(a) We now look for Pi^ V° i.e. for V?. Referring to (jSHI), 

using once more (|45j) . we get 

{47)n*'{X,l(, d, dx)V = v°'^ S*{v^, W)XdxV + S*{v'^,W)ddV + L*'>°, W, d)V 

+ (5*(f°, W°) - S*iv°,W))^vO U. + i^/ (V, W, XW). 
Referring to section we get 
(48) P^ 5*(t;°, W)P^ = /5(pO, W°)/drf_i and Po* ^"Po = 0, 
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We denote by Kj^ the d — 1 first components of Kj. Tlianks to ()47() and H48|) . we 
deduce from the equation H43() the following equation for the tangential velocity V^: 

(49) 

p(p^wO)(v°>Xax +X,o)vO + i^o^(V^W^XW°) = (p(p°,WO) -p(pO,>vO))X,oVO. 

We face a totally characteristic initial boundary value problem and once more time, 
there is none compatibility conditions. The system is first order symmetric hyperbolic. 
Because the function Kj^ is affine with respect to its first argument, this equation 

()49() is linear. Therefore there exists one (and only one) Vq solution of the equation 
(Ei) on (0, To) X J7 X M+ with V%=o = Vf^-^. 

□ 

Remark 7.9. Referring to Proposition (j&.i^ . we can compute 

t(V°, XW') := (/,(pO, W°) - p(pO, W°))^^X 
+(/)(p°, >V°)vO - /9(p°, >V°)V°).Vv°. 
For all j ^ 1, the problem (5-'(To)) splits into several problems. First, we solve: 

(50) {Id- Po)^^'^ = where (t, X, X) G (0, To) X X M+ 
then 

(51) Po i-' = where (t, x, X) G (0, Tq) x x M+ 



and 
(52) 



= ^i^^ = where {t, x) G (0, Tq) x Q 
= where {t, x) G (0, Tq) x F 

To do so, we will proceed in three steps, 
(i) We solve (|5n|) and defining (Id — Po)W as the unique solution in J\f{T) of 

Udx{Id-P^)W = -{Id-Po){n'{X,U^d,dx)W'^ - Q'-^)- 

We stress that dx is an automorphism of J\f{T). Notice that we cannot prescribe 
arbitrarily (Id — Pq)W at t = 0. 
{ii) The problem H52|) is equivalent to a linearized Euler problem as in Lemma 17.61 for 
(Vi^yV^+i). We obtain easily the existence of profiles W, W^+^ in H'^{{0,To) x n) 
solution of this problem with 

(Hi) We define PqW as the unique solution in J\f{TQ) of the totally characteristic linear 
hyperbolic initial boundary value: 

Po n'{x,u'',d, dx)PoU' = Po{& - {Id - Po)n'{x,u'>, d, dx)Q') 

with PQW\t=o =^inif Thus (j5T|) is proved. 

□ 
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8. Stability 

In this section, we are interested in the existence and the propagation of exact solutions 
of asymptotic to the formal solutions constructed in the previous section. Thus we 
assume that formal solutions iu^formai)^ of on (0, Tq) x of the form 

„,£ _ ('„,0 _|_ ^T^e Tjre \ ^i,p„p Tjs ._ /'T/e we N 

""formal \^ c v formal ' ' ' formal ) ^ ^ ^ formal • V ' formal ' ' ^ formal I 

is an expansion 

are given. We obtain approximate solutions = {v^ = + eV^f, VFq) of system (Q), 
choosing for n S N, 

n 

V^{t,x) := Y,e^v\t,x,^), 

k=0 

n 

W'^{t,x) := ^e^>V'=(t,x,^)+e"+iW"+i(t,x). 
fc=0 ^ 

We denote Zq := dt, Zi := di for 1 < i < n — 1 and Z^ := h{xd)d(i, where /i is a bounded 
and C°° function on M such that /i(xd) / for / 0, h{xd) = Xd when ^ x^i ^ 1 
and = 1 when x^ ^ 2. The family (.^i)o^j^(i generates the algebra of C°° tangent 

vector fields to F. For all / G N, we denote by Z^ the collection of the operators of the form 
Zq°...Z^'' where oq, ...,ad are in N and satisfy \a\ := oq + ... + Ud = I- To simplify, we 
introduce the notations 

L2(r) := L2((0,r) X ml) and L°°(r) := L°°((0,r) X M^). 

The family (f^a)eG]o,i] verifies the following estimates: 

(53) SUPo<e<il\\iedd)'' Z^ U'^WL^iTo) < oo. 

For m G N and T > 0, we denote by E'"(T) the set 

E-(r) := {(n^), G L2(r)/ supo<,^i Yl \\{edd)' Z' u\\l^t) < 

To be clear about our notations, let us stress that in the previous inequality, the sum 

\\{edd)'z'u\y^T) 

stands for 

J2 \\{edd)'Z^u\\L.^T) 

0^2fc+|a|<m 

Let us explain why we use the set E"*(T). We begin with a brief review about smooth 
solutions of characteristic hyperbolic initial boundary value problem. We referred to the 
work of O.Gues 11^-^ First the boundary matrix of the system (fT2|) is Ad{u) := S{u)vd + l'd- 
When Xd = 0, Vd = and the rank of Ad{u) = is constant. This suggests to use an 
extra-derivative namely Xddd to the tangential derivatives dt, dd-i- This yields the notion 



analysis in was achieved by J. Ranch 21- 
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of conormal regularity. Then, handle normal derivatives for characteristic problem needs 
carefulness. An example by |15j shows that in general there are not estimates (unlike the 
noncharacteristic case). We can extirpate AdddU from the equation but because the matrix 
Ad is not invertible, this does not provide estimates for the components in the kernel of A^. 
However these components satisfy a transport equation (cf. jH], IZ|) CB) with a source 
term which contains two conormal derivatives of all the components. An iteration yields 
the idea to use one normal derivative for two conormal derivatives. Thus in Qlj, O.Gues 
uses the spaces 



^™(r) := {u E L\T)/ 



\\d^Z'u\\L2^T)<00}. 



Here we face a singular perturbation problem. More precisely, we look at boundary layers 
which corresponds to variations in That is why we introduce some more adapted sets 
E'"(r) with the derivatives edd instead of dd- This idea of using some derivatives with e 
in factor for some singular perturbations problems was used in jl2j . P,... Here, this 
idea is applied to anisotropic Sobolev spaces. Let us mention one technical point. In fTJ, 
O.Gues uses a reduction of the system. For the Euler system, this corresponds to choose 
the thermodynamic variables p, v, s. 

Looking at the table of subsection 17.2.21 we see that 



(54) 
with 



n+4 



eR'w. 



for ah {t,x) G (0,To) x fi. 



(Id - Po*)^" + + 



Notice that if i G M{T) then the family (<I>^)e defined by 

$"(t, x) := e'^ i(t, X, —) for all (t, x) G (0, T) x 



is in E™(T), for all m G N. Thus the family [e 2 i?^)^ defined by 



R%t,x) 



eR"^ 



for all (t, x) G (0, T) x n, 



is in G E™(r), for all m G N. 

The system of equations (j54|) is equivalent to the two equations 

(55) £*{ul,d)V^ + ii^i(f°,9f°,0 = for all {t,x) G (0,ro) x n, 

(56) = e"+ii?f^. for all (t, x) G (0, Tq) x 0. 
Multiplying the equation by e, using that satisfies the equation 

we obtain that the family {u'^)e satisfy 



eR'^ 

£Ry^ 



when Xd > 0, 
when Xd = 0. 
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We look for solutions (ti^)e G of the problem ^ of the form 

(57) := {v^, W) with = < + e*^+^ V^, W = Wl + e*^ VF^. 

We denote C/^ := (V^, VF^). We begin with a result of propagation. 

Theorem 8.1. Lei m > ^ + 5, n ^ 1, M e]^,n + \{ and T e]0,ro[. We assume that 
we have a family of exact solutions {u^)e S iL°°((0, T) x il) of the problem Q of the form 
( |57| ) where the family (Ufj)^ is in the set E™'(T). Then there is Eq g]0, 1] such that for all 
e g]0, Eo]; the solution can he extended in a solution in ff°°((0, Tq) x il) of the problem 
PI and is of the form \5T\ where we have extended {Uf^)s in a family o/E"^(To). 

The assumption > M insures that the are accurate enough approximate solutions 
and the assumption M > ^ that the are close to u^. Thanks to these assumptions, 
Theorem 18.11 claims that it is possible to extend the u^, for e g]0, eo]) till i-e- till the 
ground state exists. Notice that we can extend the result of Theorem 18. II to the more general 
case n € N, M ^ ^. To do so, consider h ^ M — ^ and approximate solutions of order n: 

of the system , choosing 

n 

V^{t,x) := ^e'=v'=(t,x,^), 

k=0 

n 

W',{t,x) := ^e'^V''it,x,^) + e''+'wr^\t,x). 

We define the family {Uji)e by 

C/^:=C/|i + 5-^^(C/^-?7,^)GE-(r). 

On (0,r), we get ^" = 11^ + ^^^Uf^- Applying Theorem lO we obtain some extensions of 
the (C/|j)e in a family of E'^(ro). Then we extend {Uf^)e in a family of E™(ro) , setting 

In this paper, we consider a ground state in H^{{0,Tq) x Q) and formal solutions with 

H°° regularity. It could also be possible to extend to ground states of high but finite 
regularity. 

We also give a result of existence. 

Theorem 8.2. Let m > f + 4, n ^ 1, M + |[. There exists Eq g]0, 1] such that for 

all E s]0, eo]; there exists a solution G i7°°((0,To) x 0) o/ of the form ( |57| ) where 
{Ul^)e IS in E-(ro). 

It is important to understand that Theorem I8.1l and l8.2l vields exact solutions till Tq. Our 
method is based on the sets E™ and on some estimates uniform with respect to e. Theorem 
12.11 given in the introduction is a consequence of Theorem 17.11 and Theorem 18.21 

Because the problem comes from a system of conservation laws and A(u,^) is an 
eigenvalue with constant multiplicity (cf. section 2), it is possible to obtain L°° estimates, 
even for d ^ 1. We refer to papers [^Uj, of G.Metivier, paper of J. Ranch and 
M.Reed and paper jTTj. Therefore we can weaken the regularity of the solution and prove 
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a propagation result for some solutions admitting only one normal derivative in L^. We 
introduce the sets 

A^{T):={{u%eL\T)/ supo<,^i ^ + ^ \\edd u\\l2^t) < oc}. 

We will also use some norms built on L°° . We denote by the collection of the derivatives 
ZQ,...,Z(i and edd- Because the boundary is characteristic, we will need not only the Lipschitz 
norms but higher order L°° control, as O.Gues in [llj and G.Metivier in |17j. We denote 
by L°°(r) the space L°°(r) = L~((0,r) x M^). We introduce the norms 

lkl|fc,T := ^ \\Z''u\\l<^(^t)^ 
lklle,r '■= ll^llo.T + ||-Z^?^||i,r, 

I \u\ \e,Lip,T ■= I \u\ |o,T + I \o,T- 

Remember that, by abuse of notation, we denote for example ||Z^ii||o,T for 

\\Ziu\\o,T + \\£ddu\\o^T- 

We introduce the sets 

A-(r) := {{u% G L~(r)/ supo<,^i < oo}. 

It is also possible to tackle the limit case M = i, but we can prove the propagation only 
till Ti £]T,Tq]. We incorporate this limit case in the following Theorem. 

Theorem 8.3. Let m > + 5, M ^ ^, T G]0,ro[. We assume that we have a family 
of exact solutions {u^)s of the problem Q on (0, T) of the form ( |57| ) where {Ufi)^ is in 
A™(T) n A"^(T). Then there exists Ti e]T,To] and there is Eq G]0, 1] such that for all 
£ G]0, eo]; the solution can be extend in a solution on (0,Ti) of the problem and is of 
the form ( |57| ) where we have extended {Uf^)s in a function of A"^{Ti) f] A™'(Ti). Moreover 
if M > ^, we can take Ti = Tq. 

It could be also possible to treat the limit case M = i with the sets E'"(ro) and incor- 
porate a result of propagation till Ti g]T, Tq] in Theorem 18.11 We did not do so for sake 
of clarity The rest of this section is devoted to the proof of Theorem 18.11 and Theorem 18.21 
The proof of Theorem 18.21 needs carefulness about the existence of compatible initial data. 
Subsection 18.21 is devoted to this question. In subsection 18.11 we perform a reduction in a 
problem for (Uf^)s which are the real unknown. We obtain (cf. Prop. 18. 4j) that Uf^ satisfies 
a quasi-linear symmetric hyperbolic boundary value problem. As for the originating Euler 
problem, the boundary is conservative and characteristic of constant multiplicity. At first 
look, this system is singular with respect to e because of a factor in the equation of V^. 
However a further analysis reveals that in fact the singular term contains as factor. 

This will be a key point in order to surmount the apparent singularity. In order obtain 
existence of (f^^)e till Tq, we will use a family of iterative schemes. Thus we will supply in 
subsection 18.31 linear estimates which are the core the proof. We will successively perform 
estimates, conormal estimates and normal estimates. Several difficulties occur and are 
melt. First, the boundary is characteristic. As we have explained it above, to tackle this 
problem we get inspired by the paper of O.Gues ^J. We adapt the method of O.Gues 
substituting the derivative edd to the derivative dd in order to obtain uniform estimates. 
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Moreover, we use estimates of ^Wf^ in order to surmount the apparent singularity. In 
subsection 18. 8[ 

The proof of Theorem 18. .SI is not detailed as it obtained from Theoreme 3 of in the 
same way Theorem 18. II and Theorem 18.21 are inspired from Theoreme 1 and 2 of The 
discussion about M — ^ appears in the proof in subsection 18.81 when we use the Sobolev 
embedding Lemma 18.81 Some minor modifications at this step allow to tackle the limit case 
M = i. 

8.1. Reduction. Because the (C^^)e are the real unknown, we begin with a reduction. We 
will denote 



k=l 



Proposition 8.4. There are some (d+l) x (d+l) matrices J°', some functions J^'^ , J^'^ 
with values in W^~^^ , such that for all e e]0, 1], a function u"^ = (u^, W^) of the form p7| ) 
verifies (0) if and only if Uf^ := (V^, Wf^) verifies 



(58) 

(£*(n^ d) + r).Vli + J'^'i + y . = -e'^+h-^iRl where (t, x) G (0, T) x J7 

(59) X^e Wfi + eN%VW^ = -e'^+l-^Rl^ where (t, x) E (0, T) x Q 

(60) V%^a = where (t, x) G (0, T) x F. 

Moreover, the matrices J" and the functions J^'^, J^'^ depend in a C°° way of 

Proof. We only sketch the if part. The converse is left to the reader. Thus we assume 
that (u^) satisfies (^. According to Proposition 16.11 the function verifies ()13() which is 
equivalent to the two coupled equations (|15() . 

We begin to show (|5S)) . Because the family of functions (n^)e is of the form ((STJ, for 
each e, the function is of the form ((T7jl where G V{T) is such that = and 

we can use Proposition 16.21 We will denote 

K\{V',eV',W''\eW'^^) 

instead of 

K\{e, Xd, V ,£V^ ,w^'\W^ , ^VV°, W''\ eW'^) 

because these arguments are the ones which are important at this step of the analysis. Let 
us introduce our strategy. We would like to write (|61() as a perturbation of 

of order e*^. But because W^''" := Wa''" + e^^~^ ^ naive Taylor expansion fails to give 
the desired result. The trick lies in the way K\ depends of (cf. Proposition EH . This 
allows to factorize by e*^ and — . 
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Lemma 8.5. There are some x (d+l) matrices k\'" and some C°° functions k'^'^'^ , 

i^J'^'^ with values in M"'^"^ such that 

(61) K\{V',eV',W''\eW''') = k\{V^ ,eV^ ,W^'\eW^'^) 

Proof. We will proceed in three steps. 

(1) By a first order Taylor development, there exist some C°° (d+l) x {d+ 1) matrices 
K^''^ and some C°° functions k\'^'^ with values in M^^^ such that 

(2) According to Proposition 16. 2( the function 

Kl{V^,eV^,W''\eWt^) 

is affine with respect to W"'^ with Xyou*^ as a factor in the leading term. This means 
that there is a C°° function K^'^ with values in R'^^^ such that 

(3) Thanks to the conditions ©, we get X^ou'' = when Xd = 0. We define 

Xd 

The function icj'^'^ is C°° and thanks to © and © we get (jHTj) . 

□ 

We now look at the term S'*(u^)Xve . 

Lemma 8.6. There are some (d + 1) x {d + 1) matrices S*'" and some functions S*'^ with 
values in M'^^^ such that 

Moreover, the matrices S"*'" and S*'^ depend in a C°° way of 

(62) (e,K^Z,K^e*^t/^). 

Proof. We proceed in three steps. 

(1) We apply (fTU]) with (wi, f^i, f2, 1^2) = {u^^,^^'^ i^^R^^h)) obtain 

(63) 5*(n^) = 5*«) + £^^+^y|.5*>«,e*^(.yi,T4^^)) 

+ £^T^^.5;''«,e^^(eyi,Ty^)). 
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(2) We get 

= X..y/ + e*^ X,.V^ + s^' V|,.(eVy/). 

(3) We introduce the {d + 1) x {d + 1) matrices 5*'° such that for all V G M'^+\ 

Notice that XveF^^ is not singular and can be expressed thanks to V^, -^e^a • Thus 
the matrices S*'°' are with respect to H62() . 
We also introduce the functions 

which take values in M'^^^ and are C°° with respect to ()62() . Thanks to 1 and 2, we 

get (insi- 

□ 

We define the matrices (d + 1) x {d+ 1) matrices J" 

+S*'"{e,V^,Z,V^,e'''Ul,), 

and, for i G {1,2}, the R'^+^-valued function 

Thanks to Lemma 18.51 and 18.61 and Equation , we show that satisfies (|55)) . 
As 

X,. W = X,. + e^' X,. W'r + e^' rj,.{eVW^), 
and using Equation (|^ . we get (jSHl)- We easily show (jHn]) and complete the proof. □ 

In the formulas (|58j) — — there is a singular factor which appears in the 
term ^W^J'^'^. One idea would be to try to obtain estimates for Wf^ ponderated by some 
£. The difficulty lies in the fact that the equation (|6Ujl of VF^ involves in return by the 
term eV|j.VVFJ. Fortunately, because of the special form of VW^, we will see that it is 
possible to find good estimates of ^Wf^. This allows to overcome the false singularity. 

8.2. Initial data. In order to obtain smooth solutions of ()58() — ()59() — H60|) . some com- 
patibility conditions for the initial data (C/^ j^j^)£g]o,i] are necessary. At the order 0, this 
reads 

'^^''^ • ^'R,init,d\xd=0 = 0. 

We now explain what are the compatibility conditions at order j ^ 1. From the equation 
we can extirpate S^V^ ^^^^ ^ in function of spatial derivatives and so by restriction its 
trace dtyfj^^^^f- Jt=xa=o on the corner {t = Xd = 0}. More precisely, there exists a C°° 
function TCi such that 

in fact, the function Tli also depends in a C°° way of t, x, and its derivatives, the profiles 
and their e-conormal derivatives. We purposely not specify these arguments for sake 



30 



FRANCK SUEUR 



of clarity, by iteration, we can also express the time derivatives 5(V^^ for j ^ 2 by the 
equation H58|) . Therefore there exist some C°° functions W such that 

For J ^ 1, we define the jth order compatibility condition 

Thus for e g]0, 1], if for T > 0, C/^ G F°°((0, T) x J]) satisfies the equation (|^ - (j^ - 
and [/^|t=o = f^Kinii' then C/^ satisfies the compatibility condition (7^-''^)jgN. Next propo- 
sition will show that there exist some families (f^^ mit)ee]o,i] which satisfy the compatibil- 
ity condition ilZ^'^)j<^fi and some estimates uniform with respect to e. Moreover we can 
prescribe arbitrarily the components {'^Rinit yT^Rinit)^ among the families which satisfy 
convenient uniform estimates. 

Proposition 8.7. Let i^%init y^^Rinit)^ a family bounded in H°°{il.). Then there exists 
a family (y%init d^'^init)e bounded in H°°{Q) such that for all e g]0, 1], for all j £ N, the 
compatibility condition TZ^'^ is verified. 

The underlying reason to the possibility to choose arbitrarily the tangential velocity and 
the entropy is that these components are the characteristic ones. Indeed we will see in 
the proof below the crucial role played by the normal derivatives. We need for uniform 
estimates in order to find a family of solutions (C^^)e in E°°{{0, Tq) x Q,). We succeed in this 
goal obtaining in Prop osition 18 . 71 a family (C^^ j„jj)e which even do not contain singularities 
in ^ . We refer to , ISO] for other examples of existence of initial data compatible at all 
order with uniform existence in a setting of boundary layer theory. We will use in the proof 
of Proposition 18.71 as in the references above, a Borel lemma. 

Proof. We will proceed in three steps. 

(1) We begin to analyze more accurately the compatibility conditions TZ^'^ and more 
particularly the way the functions (7ij)j^fq* involve the normal derivatives of -^-^ ^ 

and pfnif Indeed there are some functions {Hj)j^n* such that for all j G N*, 

'^'^^ (.{diUli,init\xa=o)K2j) = ^^-^ (((^"f^^.jmt Ud=o)ae/, ) + { — yd1^'^R,init,d^ 

'^^^^^{{dxUR^init\xd=0)K2j+l) = T~(-'^\{dxUR^init\xd=o)a&I') + { — ydl^PR,inif 

P 

(2) For all j G N, there exists a family of functions y^'^Rinn d-i^iiinit)!: bounded in 
i?~((0, To) X F) such that for all j G N* 

^'''-HidxU^RZt)c..i',) + i^y^Wit = 0- 

(3) We use a Lemma by E. Borel in order to end the proof (cf. j31j). 

□ 
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8.3. Linear estimate. We begin to look at the following linear problem: 

(64) d) + J").V^ + Wf^.W^'^ + ^ J/3.2) = _Re ^^^^ > 

(65) Xv.W^ + e^%.VW^ = -eR^w when Xd > 0, 

(66) Vfj ,^ = when = 0, 
where J° denotes the {d+ 1) x (d + 1) matrix 

r := J"(e,K^Z,V;^VK,^'^e^C7?^), 
and for i S {1, 2}, jf'^ denotes the M^+^-valued function 

J^'^ := J^'\e,V^,Z,V^,W!'\e^UfR)- 
The family {u^)e '■= {vf,Wf)e is a given family of the form 

(67) if ■=vl + V%, Wf := + e*'^ W% 
with 

rii:=(Z??,li:fj)eE-(To). 
We introduce the classic spaces of conormal distributions 

i/0.'"(r) := {u G L^(r)/ ^ A: ^ m, Z'^n G L^(r)}. 
These spaces will be endowed by the following weighted norms: 

(68) \u\m,x,T ■■= Yl >^"'-''\\e-^'^Z'n\\mTy 

O^fcsCm 

Because we face a characteristic boundary problem with functions in we will also use 
the following norms: 

(69) W\^,m,\,T '■= \u\m,X,T + \{£:dd)u\m,X,T 

(70) \u\l^^,^r ■■= E >^'^-''-'\Z'{edd)%,x,T 

A link between the L^-type norm: and the L°°-type norm: ||.||*'p is given by the 

following Sobolev Embedding lemma: 

Lemma 8.8 (Sobolev Embedding). Let m > ^ + 5. There is c > such that for all 
T £ [0,To], for all u E C^((0,r) x O), 

V~e\\u\\lT<.cTe'^''\u\l^XT- 
Proof. Let us introduce the family of functions ('u^)ee]o,i] by 

v!^{t, x) := u{t, y, exd) for all (e, t, x) g]0, 1] x [0, Ti] x 
We introduce := ||ii||o,T + ||'u||i,T- We get 

WWt ■■= \ H\l,T and ||u^||^,A,T := e"^ lkll^m,A,T- 
However Lemma 1 1. 1.1 of shows that there exists c > such that for all u G 

\\u\\*T<cTe''^\u\i^,^^T- 

Using this for the family {vf )e leads to Lemma 18.81 □ 
We will use the following version of the Gagliardo-Nirenberg estimates (cf. |11|). 
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Lemma 8.9 (Gagliardo-Nirenberg). There exists C > such that for all T g]0, Tq], for all 
u G L~(r) n ff°'"'(T), for all I and m such that I k m and for all real A ^ 1 

A'=-'|e-|^*Z'uUp((o,T)xn) ^ C\\u\\1~t^\u\^^^^^, 

where p := 

We will also use 

Lemma 8.10 (Gagliardo-Nirenberg). Let m £ N be even. There exists C > such that 
for all T g]0,To], for all u G L°°(T) f] E{T), for all I and m such that I ^ k ^ m, for all 
e g]0, 1] and for all real A ^ 1, 

where p := 

Proof. It is a special case of {Ap — II — 3) given in p. 643. □ 

Lemma 18.91 and I8.1UI imply the following Moser's type inequalities. 

Lemma 8.11 (Moser Inequalities). Let F e C°° such that F{0) = 0, and $n > 0. There 
exists a real I such that for all T G [0,To], if 

g G L°°(r) n i7°'"(r) (resp. L°°{T) D E'^{T) and m even), 

verifies ||(7||o,r ^ we have, for all A ^ 1, for all e g]0, 1], we have: 

\F{9)[raXT ^ %U,A,T, (rCSp. |i^(5) l^m,A,T ^ %l^m,A,T)- 

Lemma 8.12. For all m G N, there exists a real c such that for all T verifying ^ T ^ Tq, 
and a, f3 £ L°°{T), we have: 

(1) Ifa,l3e H^'^'iT) and if j, A;, / G N are such that ^ j + / ^ /c ^ m.- 

X^-'\Z^a Z'f3\e,oxT ^ c(||a||o,T |/3U,a,t + I«U,a,t MWt) 

\a (i\m,\,T ^ c(||a||o,T |/3|m,A,T + |a|m,A,T ||/3||o,t) 

(2) Ifm is even, if a, P G E"(r), andk, k',l, l',p G N are such that 2{k+k') +1+1' ^p^m: 

X^-^\{diz'aMz^'a)\oxT ^ c(||a||o,A,T \P\lrnXT + \<n,XT 1 1/?! Io,a,t) , 

Wfi\lrnXT ^ c(l|a||0,T |/3|^^,A,T + l«l^m,A,T II/?IIo,t). 
We combine Lemma l8 . 11 1 and Lemma l8. 121 to find the following corollary. 

Corollary 8.13. Let F G C°°(M'=,M) such that F(0) = and 9^ > 0. There exists C > 
such that, for all T G [0,ro], for all function g G Lip{{0,T) x Q) nM{T), g : Qt ^ '^^'^ 
which verify \ \g\\Lip{T) ^ ^ then F{g) G J\f{^T) and we have: 

\n9)\^,m,X,T ^ C\g\f^m,X,T- 

Proof. Referring to the definition of l-l^^xT (^^^ (|MI))) we get 

\n9)\^,m,x,T ■■= \F{g)\m,x,T + \eddF{g)\^_2XT. 
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We use Lemma l8.11l to bomid |-^(s')|m,A,T- Referring to the definition of |-|m,A,T (see (|68p). 
we get 

\edaF{g)\^_2XT = E y^^-^'^^W^-^^ ZhdaF{g)\\L^T) 

_ ^ yn 2 k^^^^^^ 

0^fc=fei+fc2<m-2 

where 

^fei,fc2 := \\e-^^ Z''WgF{g).Z^^eddg\\L^T)- 
Then we use Lemma 18.121 . □ 

We will prove in subsection 18.41 and 18.51 the following linear e-uniform estimates which 
will be useful in subsection 18.81 

Theorem 8.14. Let m be an even integer larger than 2. Let y{ be a strictly positive real. 
Then there is Xq > 1 such that if £^ WILrWc Tq ^ ^ then for all A ^ Aq, for all e G]0,eo]; 

I^Rl^m,A,ro ^ ^ ^^0.(1 + e^'' ||C^^||e,To-|f^'Rl^m,A,ro)- 

We will proceed in several steps. In subsection 18. 41 we will perform L^ estimates proceed- 
ing in three steps, estimating Wf^ then ^Wf^ and finally V^. higher order estimates are 
more delicate to obtain. In subsection 18.51 we will give preliminary results with some com- 
mutators estimates (cf. Proposition 18. 19l and with some estimates oi v^^.ddUf^ (cf. Lemma 
I8.22|) . We will begin with conormal estimates (subsection 18. 6|) then looking for normal esti- 
mates (subsection 18. 7j) . As in the L^ estimate, we will look for estimates about Wf^, ^Wj^ 
and finally V^. Furthermore, in the normal estimate, we will distinguish the estimates about 
tangential velocity v|j y which corresponds to characteristic components and the estimates 
about normal velocity v|j^ which corresponds to a noncharacteristic component. 

8.4. L^ estimate. We will proceed in three steps estimating Vl^^ then ^Wf^ and finally 
V^. According to section 5, VVF^ is of the form f3\{e,t,x) + I32{£,t,x, ^) where (5i and 
(32 are with respect to their arguments including e up to 0. Moreover (32 is rapidly 
decreasing with respect to its last argument. 

8.4.1. Estimate ofWf^. The aim of this subsection is to prove 

Proposition 8.15. Let 9^ > 0. There exists Aq > 1 such that if e^'^ \ \y_R\\lTo ^ ^ ^^^'^ 
all A ^ Aq, 

l^^lo,A,To^^(l + l^llo,A,To)- 

Proof. We rewrite the equation as X-j^VF^ = ff where ff := (e/?i + P2)Vr — ^Rw- ^ 
classic L^ estimate, we obtain that for 9^ > 0, there exists Aq ^ 1 such that if ||v^||ijp ^ 9^ 
then for all A ^ Aq, 

\Wl^\o,X,To ^ yl//lo,A,To- 

Using l|67() and estimating |/||o,a,To we end the proof. □ 
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8.4.2. Estimate of ^Wf^. We will exploit the special form of the equation (|65j) thanks to a 
second estimate which concerns ^Wf^. 



or 



Proposition 8.16. Let 9^ > 0. There exists Aq > 1 such that if £^'^\\Vf\\* j,^ < 9^ then /< 
all A ^ Ao, If^VF^IoATo ^ ^(1 + I^^Io,a,To)- 

Proof. We will proceed in two steps. First we will look for an equation for ^Wf^ and then 
we will use a estimate for this equation. 

1. We begin to calculate 

(71) X^. i^Wf,) = ^X^. WI, + y^.-W!,, 

Because = when = 0, there exist some functions v^''' such that = 
XdYf'^- Using the equation (|65|) . we deduce from the equation (|7T1) that ^Wf^ verifies 
the equation 

(72) X^j i^Wl,) - v^'\^Wl,) = fh, 
where 

(73) fh := ^{-sY^.VW^-eRty), 

(74) := -xaPiV^-^P2V^-XdRtv 

2. By a classic estimate, we obtain that for 9^ > 0, there exists Aq ^ 1 such that if 

IIX^IlLip({0,To)xQ) + IIXdl|L°°(To) ^ 

then for all A ^ Aq , 

| — i^hIo,a,To ^ y l///lo,A,To• 
Because of the form of (see (|^7j) ). the family (||v'^||Ljp + ||x^'''l|L°°)e is bounded when 
the family (e*^||V^|{||* j' )e is bounded. Moreover because f32 is rapidly decreasing with 
respect to its last argument, the family (^/32(e,t, x, ^))e is bounded in L°°. This ends 
the proof. 

□ 

8.4.3. Estimate ofV^. We will prove the following result: 

Lemma 8.17. Let 91 > 0. There exists Aq > such that if WWrWI Tq ^ ^ ^^^'^ f^''" "'^^ 

Proof. For each e g]0, 1], the function is solution of the following boundary value prob- 
lem: 

r {2'{u',d) + Jn.V^ = f!ii whenxrf>0, 
\ V|jd = whenxd = 0, 

where 

fill ■■= -wu^^' - ^wu^^' - R^. 
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It is a symmetric hyperbolic system for which the boundary is conservative and characteristic 
of constant multiphcity. Thanks to ^j, the following L? estimate holds: for 9^ > 0, there 
exists A > 0, such that if 

then for all A ^ Aq, 

l^ilo,A,To ^ T-|/mlo,A,To- 

Using the form of v^, J", and estimating |/|jj|o,a,To thanks to subsection l8.4.1l and 18.4.21 
yields the conclusion. □ 

8.5. Higher order estimates. We look for estimates uniform with respect to < e ^ 1 
of 

\'^-^''-'\{edafz'uUoxn for 2k + l^m. 

In this subsection, we give crucial preliminary technical results. We group them in two 
kinds. In a first time, we look for commutators estimates. In a second time, we look for 
estimates which will be useful when estimating source terms. 

8.5.1. Commutators estimates. We begin with the estimates of the commutators [J, [edd)^ Z^](p. 
Because we will proceed in two steps, estimating first conormal estimates then normal esti- 
mates, we give specific estimates of the commutators with the derivatives for / ^ m (i.e. 
in the limit case /c = 0). 

Proposition 8.18. Let m he an integer. There is an increasing function C : M+ 
such that for all e g]0, 1], i/ | |o,T ^ ^ then for all ip G C^((0,r) x Ti), for all k,l 
such that 2k + I ^ m, for all A ^ Aq, 
a) if m is even, 

\^~^'^~\l{u%{ed,fz']^\oxT^C{mv\l^^^^ 
h) for any m, 

A™-^|[J(n"),^Vl0,A,T ^ C(^)(|^U,A,T+£'^''||^||0,r.|rRk,A,T), 
where J stands for J°, jf'^ or jf'"^. 

Proof of We introduce a notation: if Z G N, Z 7^ and (p a vector- valued function 
which components are denoted we denote Z'^^^cj) the collection of the terms of the form 
where 1 ^ r ^ /, h + ...Ir = I and k ^ I and if / = 0, Z<'>(/> = 0. The 
commutator [J, Z^]ip is a linear combination of terms of the form 

^{e,V^,Z,V^,Wl\e^'TR)-'^ 

with 

*P := Z<^'>{V^).Z<^-'>{ZeV^).Z<^-'>{W'J).Z<^^>{e^'^U%).Z^^(t), 
and h + I2 + h + Ia + h = ^- Thanks to estimates and Lemma [8. Ill we get 

A— '|[J(n^),Z']^|o,A,T ^ Cm\^-'\Z<'^>{e^' irR).Z''<t^\mXT- 
We end the proof thanks to Lemma 18.121 (1). □ 
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Proof of We introduce a notation: if / G N, Z 7^ and (f) a vector- valued function 
which components are denoted (pi, we denote {edd)^''^ <p the cohection of the terms of the 
form {eddY^ (pi-^-.-iedd)'^'' (pi,, where 1 < r ^ /, ki + ... + kr = I and ki ^ 1 and if / = 0, 
{edd)^^'' (p = 0. The commutator [J, (edd)^ Z'']ip is a linear combination of terms of the 
form 

with 

with /i + ^2 + ^3 + '4 + '5 = ^ A;i + A;2 + A;3 + A;4 + = /c. Thanks to estimates and 
Lemma (|5?TT|) . we get 

A^'"-2'=-'|[J(n^),zVlo,A,T ^ C($n)A'"-'|Z<'^>(e^'^[/|j).Z'^J(/>U,A,T. 
We end the proof thanks to Lemma (|8.12p (2). □ 

A main point would be to estimate some commutators involving S{u^)X^e. We will 
estimate separately S{vf)'Vddd and the one S{2f)X^e (see (|28|) for the definition of X^e). 
Moreover because we will proceed in two steps, estimating first conormal estimates then 
normal estimates, we give specific estimates of the commutators with the derivatives for 
I ^ m (i.e. in the limit case A; = 0). 

Proposition 8.19. Let m he an integer. There is an increasing function C : M-|_ 

such that for all e G]0,1], e*'M |t/|f J I*^^ ^ ^ ^^^n for all ip £ C^((0,r) x H), for all k,l 

such that 2k + I ^ m, for all A ^ Aq, 

a) if m is even, 

Xrn-2k~i\lS{un-:L^dd,{edd)'Z%\o,x,T^C{m^\f^^^^^ 

b) for any m, 

\'''-'\[S{yt).v^dd,Z^]^\,,^^T<.C{mv\i^^^^ 

c) if m is even, 

X^-^^-i\[S{u^).X'^_,,{eddfz%\,^y^^T^C{m 

d) for any m, 

A--'|[5(n^).X.,Z']v.|o,A,T^C'(fH)(|(^U,A,T + e^||'^||i,T.|£fjU,A,T). 

We begin with the proof of c) and d) which are simpler. Because X'^ := dt + YliZi '^idi^ 
the estimates c) and d) are consequences of the following lemma. 

Lemma 8.20. Let m be an integer. Let F be a C°° function. There is an increasing function 
C -.R+^Rl such that for alleG]0, 1], ife^\\U%\\lT < ^ then for all(pe C^{{0,T)xTi), 
for all k, I such that 2k + I ^ m, for all A ^ Aq, 
(i) if m is even, 

Xrr^~^>^-i\[Fiu%Z,{edd)'Z^Mo,x,T^Cm\^^^^^^ 
(ii) for any m, 

A'"-'|[F(n^).Z,Z']V9|0,A,T ^ C(^)(|</.U,A,T +^^||^||l,T.|rijU,A,T). 
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Proof of 0- The commutator [F{u^).Z, Z^]ip is a linear combination of terms of the form 

(76) Z^^F{u').Z^^<f when + = / + 1, h^l, h> 1- 
We introduce /'^ := /i — 1, := ^2 ~ 1- Thus the term ((7S|) reads 

Z^'^{ZF{vt)).Z^'^{Zip). 

We apply Lemma 18.121 (1) with 

a := ZF{]f) , f3 := Zip ,rn:=m—l 

and obtain the estimate 

X'''-'\[F{yf).Z,Z']^\oxT^C{\\F{2/)\U,T^ipU^^^ 
We use that (u^)^ is of the form (|67|) and apply Lemma 18.111 to complete the proof. □ 

Proof of 0. We assume that k ^ 1. The case A; = corresponds to (In)). The commutator 
[F{u^).Z, (edd)'^ Z'']ip is a linear combination of terms of the form 

(77) {eddYZ^^F{'ii).Z^^^ with 1^ + 1^ = 1 + 1, k ^ 1, l^^ 1, 

(78) {eddf^F{u^).{eddf^Z^+^^ with A;i + ^2 = fc, ^1 ^ 1- 

• We begin to deal with the term (f77)) . We introduce k' := k — 1, := I2 — 1- We commute 
edd with . Thus it suffices to deal with terms of the form 

{eddfz'HeddF{u')).Z'HZv). 
We apply Lemma 18.121 (1) with 

(79) a:= eddF{]f) ,I3 := Zip ,rn:=m-2. 
We obtain the estimate 

X"^-'mu^).Z,Z%\o,x,T^C{\\F{2f)\U^^^^^ 

We end the estimate as in the proof of (jiH) . 

• To deal with the term (|78j) and complete the proof, we directly apply Lemma 18.121 (1) to 
([79|l and proceed in the same way. 

□ 

We tackle the Proof of b). 

Proof of b). The commutator [S{'u^).'^j^dd, Z^]ip is a linear combination of some terms of the 
form 

Z^'S{u').Z^'v^.Z^'ddip, with h + l2 + h = I, h + l2> 1. 
Because is of the form v*^ = v'^ + eV^, it suffices to deal with the terms 

(80) Z^'S{u').Z^^v°d-Z^'dd'P, 

(81) Z''Siu').Z'^ti-Z'-^iedd)ip. 

Step 1. We deal with the terms of the form l\8(J\i . 
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Using that vJJ = Xrfv|^' and commuting Xd with Z'^, we have to deal with the terms of 
the form 

Z^'S{yt).Z^^v^^.Z^'^Z^, withZg^Zs. 
We use L°° estimate of v*^. Thus we have to control 

(82) A™-'|Z'i5(n^).Z'3Z(^|o,A,T. 
We distinguish two cases: 

• if /i ^ 1, we control Z^^S{y^) in L°° norm by Lemma 18.111 and the term (|82|) is bounded 

by C.\ip\mXT- 

• if /i ^ 2, we apply Lemma l8. 121 with 

Q := Z'^S{]/), (3 := Zip^ m := m — 2. 
Step 2. We deal with the terms of the form ^FJ^. 
We distinguish two cases: 

• if /i ^ 1, we control Z^^S{u^) in norm and then we deal with 

X^-'\Z''V^.Z'^{eddMoxT. 
with ^2 + ^3 ^ ^- We distinguish two sub cases: 

(a) if I2 ^ 2, we introduce I2 := h — 2. Because = ^ + Yfn we study the terms 

(83) \^-'\Z''^{Z^Vl,).Z'^{eddMo,x,T, 

(84) e^^A'"-'|Z'2(zV^,,).Z'«(ead)(^|o,A,T. 

We use the L°° estimates of {Z'^Y^^) to control the term (jHHI)- To control the term 
(|84j) . we apply Lemma l8. 121 with 

a := Z^Vfj ^, /3 := m := m — 2. 

(6) if /2 ^ 1, we use the equality = XrfV^'^ We commute the factor Xd with the 
derivative Z^^. Thus, to control the term (jHU, we study terms of the form 

X^-'\Z'^et/).Z'Hxddd)^\oxT, 

with ^ I3. We control Z^^{eVf/) in L°° norm by ||Y|j^||*y. 

• if /i ^ 2, we apply twice the Moser inequality of Lemma I8.'l2l with 

Q := Z^S{]f), f3 := V^, 7 := edd^p, m:=m-2. 

□ 

We now give the proof of a) . 
Proof of a). To explain in a clearer way our method, we will deal with the commutator 

(85) [y^dd,{edd)''Z']ip 
instead of 

[S{un-I^dd,{edd)'z']^. 
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This avoids heavy notations and does not change the mathematical analysis. The commu- 
tator (|85|) is a linear combination of some terms of the form 

(86) {eddfZ^^:i%Z^^dd^, with li / , /i + /2 = 

(87) {eddf^v%{eddf^Z^dd^, with ki / , fci + fcs = fc. 

We look at the terms of the form (|86j) . Because is of the form v"^ = v*^ + eV^, it suffices 
to deal with the terms 



{eddfZ^^MlZ^^ddip, with li / , /i + /2 = /, 

(89) {eddYz'^Td-Z'' {edd)^ with ^ / , /i + /s = 

We begin with the terms of the form (|88() . Using that vJJ = XdV^J' ^^'^ commuting Xd with 
Z^^ , we have to deal with the terms of the form 

{eddfZ^^v^/.Z^'^ied)^ with l'^ ^ h. 

Using L°° estimate of v*^ yields the result. We now have a look for the terms of the form 
((Hnj. We distinguish three cases: 

• li k ^ Q then we write k = k' + \ and we commute edd with Z'^ . This yields some terms 
of the form 

{eddfz''{eddti)Z''edd^ 
with I' ^li. We use that = ^ + e^'^ Vr d study the terms 

(90) X"'-''-'\{eddfz''{eddYl,d)Z'^eddv\oxT, 

(91) ^m-2fc-/|^Af (^eddfz'{eddI%d)Z''edd^\o,x,T- 

Using the estimates ((SS|, we get ^ ^ C\v>\f,m,\,T- We apply LemmaEII3(2) to 
a := edd^^R, f3 := edd^p, m = m-2 

to bound (inU) by 

(92) Ce^'i\V>\f,n.,X,T + \Me,Up,T.m\f^m,X,T)- 

• if A; = and h ^ 2 then with li := l[ + 2, the term H89() can be rewritten 

(ea,)'=Z''i(^'Y^).^'^(earf)9^. 
We use that = ^ + e*^Y^ ^ and study the terms 

(93) X^-''~%dd)'z''^{zX,d)-Z'Hedd)v\o,x,T, 

(94) X^-^''-'\e^'{edd)'z'Hz'rR,d).Z''{edd)ip\o,x,T- 

We use the L°° estimates (|^ to bound the term We apply Lemma [8. 121 with 
a := Z'^Vjid, P ■= ^ddip, m = m — 2 

to bound bv (|!? ^ . 

• if /c = and /i = 1, using that = XdYd^ ^^'-^ commuting Xd with Z^^ yield a sum of 
terms of the form 

Z'^eY^\z'^Xdddip). 
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We bound it by ||eV^'''||i^T.|(/?|m and conclude with | |eV^'''| |i,t ^ llYdller- ^^^^ 
with the terms H87(l with the same methods. 

For the proof of 6), proceed in the same way and substitute Lemma lB.12l (2) by Lemma 1^.121 
(1). □ 

8.5.2. Source term estimates. We now give two lemmas which will be useful when estimating 
source terms. 

Lemma 8.21. Let m be an integer. There is an increasing function C : M+ such 
that for all e g]0, 1], if e^'^ \\IPr\\q,t ^ ^ then for all if e C^((0,r) x Tl), for all A ^ Aq, 

a) for any m, 

b) for m even, 

\J-V\f,m,X,T ^ CimV>\f,n^^,T + e''\Mo,T.\mi\f,n^^,T)■ 

where J_ stands for J", jf'^ or jf'"^ . 

The proof of Lemma 18.211 is straightforward and mainly lies on Lemma 18.121 It is left to 
the reader. 

Lemma 8.22. Let m be an integer. There is an increasing function C : M+ such 
that for all e g]0, 1], i/e^ ||C/fj||*^r ^ ^ ^^^n for all A ^ Aq, 

a) for any m, 

b) for m even, 

Proof of a). We will proceed in four steps, 
(i) Because = + eV^ (cf. (jSZI)) and v[] = XrfV°'^ we get 

m—l,X,T m—l,X,T- 

(ii) In order to estimate |V^.(e9d)C/^|m-i,A,T! we will control the terms of the form 

(95) X^''~'\iZ'^V^).Z''iedM\oxT, 

where /i,/2 G N, h + h = I ^ m - 1. Because Vf = + e^^ V_r, it suffices to deal 
with the terms of the form 

(96) X"^-'-^\Z^^Wl^,.Z^-{ed,)UI,\o,x,T, 

(97) X^-'-'\Z'^V%a-Z'Hedd)Uli\oxT. 
(Hi) We begin with the term ()96p. We distinguish two cases: 

• If /i > 0, then I2 ^ m we use the L°° estimates ()53p and bound the term 1)96^ by 

C.\{edd)UR\m-2,X,T ^ C.\Ur\ 
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• If /i = 0, then we write ^ = x^.V^'^ and commute Xd with Z'-^ to find that is 
a sum of terms of the form 

(98) A— i-'|eV^,>Z'^C/^|o,A,T. 
with ^2 ^ /2 + 1- Thus 

m ^ c\\er^^\\^.\uii\m,x,T ^ c\K,d\\iT-mm,x,T. 

We now look at the term (|97() . We distinguish three cases: 

(iv) • If Zi 7^ 0, we apply Lemma 18.121 (1) to 

a := ZV%^a, (3 := {edd)U'R, m:=m-2. 
The term (|97() is bounded by 

cA\\l%d\\l,T-\U%\^.^^X,T + [fR4\mXT\\UR\\e,Lip}- 

• If /i = 0, we write V|j^ = Xd-Y.^J'd commute with Z'^ to find that (|^^ is a 
sum of terms of the form 

(99) X"^~'-^\eridZ'^Uf,\o,x,T. 

with /2 ^ ^2 + 1- Thus the term is bounded by | jeV^'"^! |oo-|f^^|m,A,T- 

□ 

The proof of a) follows the same path and is slightly more complicated. 

Proof ofb). We will proceed in four steps. 
(i) Because = + eV^ (cf. (|H7|)) and v[J = Xrfv|]'\ we get 

IXd-5dC/^lm-l,A,T ^ C'|t^^lm,A,T' + IXd-(et^d)f^^lm-l,A,T- 

(ii) In order to estimate \]l^-{£dd)Up,\f^_i ^^j,, we will control the terms of the form 

(100) X"'-'-''-'\{edd)'''Z'^V^.{edd)''Z'^iedd)Ul,\o,x,T, 
where 

ki, G N, ki + k2 = k, li + l2 = l, 2k + l ^m-l. 
Because = + e^^Hfj, it suffices to deal with the terms of the form 

(101) A™-i-2^-'|(ea,)'=^Z'^V^^,.(ea,)'=^Z'^(e5,)C/^|o,A,T, 

(102) A'"-i-2'=-^|(ea,)'=^Z^^V^^,,.(e9rf)^^Z'^(£arf)C/^|o,A,r. 
{iii) We begin with the term HlOlj) . We distinguish two cases: 

• lili + ki > 0, then 2k2 + I2 ^ m we use the L°° estimates (|53() and bound the term 
dMl) by 

C.\iEdd)Uli\l_2,T^C.\Uli\l,T. 
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• li li = ki = 0, then we write ^ = x^.V^'^ and commute with {eddj^'^Z^^ to find 
that (|1U1|) is a sum of terms of the form 

(103) ^m-i-2fc-z \etJ'^^{eddf2z''^UUoxT. 

with k'2 ^ A:2, ^2^/2 + 1- Thus 

{iv) We now look at the term ()1U2|) . We distinguish three cases: 

• nil ^ 0, we apply Lemma |S^^ (2) to 

a := ZtR4, (3 := {edd^R, m:=m-2. 
The term (|102() is bounded by 

C-{||YiJ,dl|l,T-|t^^|^m,A,T + \^R,d\^,rn,X,T-\W'R\\e,Lip\- 

• If = and ki ^ 0, we apply Lemma 18.121 (2) to 

a := eddTn^d, P ■= eddUf^, rn:=m-2. 
The term p02|) is bounded by 

• If /i = fci = 0, we write V|j ^ = Xd-Y^j^d commute Xd with {edd)^'^Z^'^ to find that 
(|10U|) is a sum of terms of the form 



(104) y^-^-'^^-^\et^^{eddf^ [/^| 



0,A,T- 

II irre |E 



with A:^ ^ /c2, I2 < h + 1- Thus the term ((TM|) is bounded by lkY^^^||oo.|C/^|^;^^'r. 

□ 

We now attack the conormal estimates of Uf^. 

8.6. Conormal estimates. We look for estimates of A'""' |Z'?7^|o,a,To • As for estimates, 
we will proceed in three steps estimating 

A— '|zV^|o,A,To, A— '|Z'(^iy^)|o,A,To andA'-'|Z'y||o,A,To. 

8.6.1. Estimate of W^^. We apply the derivative Z^ to the equation 'K^nWf^ = ff. We get 
X^. (Z'W^) = /I, where /f := [X^., Z'] + Z'/f . Then we estimate /f thanks to Lemma 
18.121 and use a classic estimate. 

8.6.2. Estimate of ^Wf^. Because the control of the commutator [v^'''^, Z^]Wf^ seems dif- 
ficult, we write ^^^Wf^ = v^^W^ + Y^.W^. Thus verifies the equation 

^vA^wk) = :i^'^w!, + rd-W!, + fh. 

We apply the derivative to this equation and find for Z\^Wf^ the equation 

0^.j-v'/)Z\^Wk) = fh. 
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where 

£ 

We estimate [X^. -v°'^ thanks to LemmaEiniand Z'(V^.W^) with LemmaEE] 

and the previous subsection. We finahy use a classic L? estimate. 



8.6.3. Estimate ofV^. We apply the derivative to the boundary value problem ((7S|) and 
find that Z'V^ is solution of the following boundary value problem: 

r 5) + J").(Z'y|) = ffjj when Xd > 0, 

\ Z^^id = when Xd = 0, 

where 

We estimate the commutator [S'*(n^)Xve , Z'] thanks to Proposition 18.191 and the com- 
mutator [J_°',Z'']V^ thanks to lemma IB. 121 We estimate Z^ffjj thanks to the subsection 
18.6.11 and 18.6.21 We now sketch the method to estimate \L*{dx),Z^]Vpf^. First notice that 
[L*(a^),Z']V^ = [L^5d,Z']Vg is a sum of terms of the form Z^'L^S^Vg with /' ^ /. Then 
we extirpate L^c^dV^ by the first equation of ((75|) . We can apply the previous methods for 
the resulting terms. We use Lemma 18.221 to handle the most delicate point i.e. the estimate 
of |v^.9rf?7^|m-i,A,To- This supplies a good estimate of \V'{dx),Z^]V^. We conclude as in 
subsection 18.4.31 with a estimate. 

8.7. Normal estimates. We look for estimates of A™~^^~'|(e(?)'^Z'C/|j|o,A,T) with A; > 
and 2k+l ^ m. We begin to estimate for the noncharacteristic part: L^V^. This corresponds 
to the pressure p|j and v|j^. Then we will estimate rp^, ^l^^lFm A To ^'^'^ finally 

l^ij j/lfm A To ■^here we denote by Vy the tangential velocity. 

8.7.1. Normal estimates of L'^V^. We notice that 

and extirpate h^eddV^ from the equation 1)64^ . Among the resulting terms, the most delicate 
one to estimate is \Y^-ddUj^\f^_i ^^^j^^^ which is given by Lemma [8.221 Notice that there is 
no problem with the term jP''^^Wf^. 

8.7.2. Normal estimates ofWf^ . We apply the derivative {£dd)^Z^ to the equation XveVF^ = 
fj. We find that {edd)^ Z^Wf^ verify the following equation: 

lL.j{eddfz'Wl, = f! 

where 

/f := [^,j,{eddfz']WI, + {eddfz'f!. 

We estimate the commutator [X^e, (e3d)^Z']W^ thanks to Proposition a) and c) and use a 
LP' estimate. 
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8.7.3. Normal estimates of ^Wfj . We apply the derivative {eddj^Z^ to the equation (|lfl5j) 
to find for Wf^ := {eddfZ\^W%) the equation (X^. - v°'^)VF^ = fuj where 

fhi := [X^. - v°'\ {eddfz'WR + {eddfz\ti-Wk) + {edafz'fhi- 

We estimate the commutator [X^e ^[edd)^ Z^]Wf^ thanks to Proposition \^.\\)\ the second 
term of the right member thanks to Lemma 18.121 and the previous subsection. We estimate 
fjjj using that because (32 is rapidly decreasing with respect to its last argument, all the 
derivatives of ^/52(e,t, ^) are bounded in L°° uniformly with respect to e and {fjn) G 
E"^. We end with a estimate. 

8.7.4. Normal estimates of v^j^y. Looking at the first d — 1 equations of ()64() . we find for 
v|j y an equation of the form 

{p'.X^.+J'^).V%^y = ffy 

where 

ffv ■■= - "^yf - J^'' Wk - J^'' ^)Wk - 

and J°, Jf are some matrices extracted from J". We apply the derivative {£dd)^Z^ to this 
equation and find for v^^ := {edd)^ Z^^r^^y the equation 

where 

fly := [p'X^j + J?, {edd)''Z^]vl,^y + {edd)'Z^f!y. 

We estimate the commutator [p'^'K^^, (edd)^ Z'']v1^ y thanks to Proposition 18. 191 the commu- 
tator [J_i, {edd)'' Z'-]vj^ y thanks to Lemma 1^.121 When looking at the term {edd)'^ Z'- ffy, the 
contributions of — Jf-Xi^rf ^-iid of are easy to estimate. We estimate the contribution of 
J^'i Wl^ and thanks to the previous subsections (|8.7.2l and l8.7.3jl and to Lemma 

18.121 It remains to explain how to estimate 

A— 2'=-'|(ea,)'=Z'V,/|o,A,To. 
Commuting edd with Z^Vy, we are lead to estimate the terms 

A™-2'=-'|(ea,)'='z''v,/|o,A,To, 

with k' ^ k — 1, I' ^ I — 1. All these terms are bounded by l^ddp'^lf^^i ^Tq which is 
estimated in subsection 18.7.21 

8.8. An iterative scheme. We define an iterative scheme {U^'^)s,u by 

d) + J°'^)V^''^+^ + WfiW^'^'" + —.Jf^'^'") = Rl when Xd > 0, 

X^.,- W'jI"^^ + eV^^'^^.VWl = -eR^w when Xd > 0, 

Vr7^ = whenxrf = 0, 

when J"'"^ denotes the (d + 1) x {d+ 1) matrix 

J"'^ := r{s,V,',Z,V^,W^'\e''ulin, 
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for i G {1,2}, J^'*''^ denotes the M'^+^-valued functions 
and 



Because this step is now very classic in BKW theory (cf. [SI], ISHI) 

we only sketch as a preview how to deduce from the Sobolev embedding lemma 18.81 and 
from the linear estimates of Theorem 18. 141 the uniform boundedness of {U^'^)^^^- In order 
to do so, we fix two strictly positive real h and R , A and Sq such that 

(105) A-^Ao ^min(|,i), 

(106) 4'~' cne^'"'' ^ ^- 
Proposition 8.23. // 

^""mrwiTo ^ ^ and \\u'/\\fM ^ h, 

then 

^V/^Xto ^ ^ and \\U^/^Xm,X,T, ^ h. 

Proof. We will proceed in three steps. 

(1) We begin applying the Sobolev embedding lemma 

Thanks to (|1U5() . we obtain 

M I |Tre,i^+l| I* ^ 1 |TTe,i/+l|_E 
£ W^R \\e,To ^ 2h\^R \e,m,X,To- 

(2) We apply Theorem 18. 141 and find 

I'-'r \e,m,\,To ^ Ao.[l+e \\U \\e,To-\'^R \e,m,\,To)- 

Thanks to (|1U5() . we obtain 



I'^R \e,m,\,To ^ 



(3) Thanks to the Sobolev embedding lemma we obtain e \\U^'^ WeTo ^ ^• 

□ 

/ thank Olivier Cues for suggesting me this subject; in September 2001. 
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